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SUMMARY,

The equations of moilon governing the unsteady flow In o
3 Hquid blprap@llmnr fockeT Ui derl?ad. Theso ara u.lllzrd in an unmly1lﬂml
‘ Investlgallon uf w0 mechansms which are capablo mf produclnq I Inear
rombudllon In41ubll|!y ln the high and Intormediate frequency ranges,
+ypiflnd by the appearance of Pranaverno WHVQu and onTropy Waves
raespectlvely.
Tho characteristic aquatlon of each rockel system ls dorived,
and [t Is shown hdw the stabllity Iimlts may be determined for a par+lcular

rocket molor,
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» INTRODUCT1ON 1o ITHE THEORY
I Jnj‘r'oggg on ‘ 7

1]
Coupled with fho demand tor llquld propel fant rockot powerplanl;cﬂ

over hilgher parfonman~o und thnhﬂquonlly 1hh davplopmvn. of high onerqgy ro-
loase combust|en chémtvrﬁ, there has arison o problom which hus gunTlnuud to
grow in lmporlmncg. The problem, which can arlse 1n any duetod bH!HUl, Is
the phaonomenon. of combls flon Ing lab'llly, and ullhouqh G preclae unlversal fy
accepted dof Inltion dobs noi oxlst, |1 I -gmnorully considorod to canslat of

regular periodic osc| |

atlons In uumlu¢|lon chamhur pPressure which are maln-

Falned i some manner By the combustion prccoss. Those prossure varialtlons
are ohsorved oxper tmentally 1o cover g frequoncy range frem 1o To 12,000

cycles poi second, el amplitudos whicl vary from ten o ono hundied percent
of chambor pressuro,

Oscl | latlons ¢ r pressure, and honco of qll dopwndon1 thermodynam|c
and Fluld dynamie var lali los, are hlthy Undes lrmhle In goneral, slnce mochan | -
cal or thorma| fallure, and contro| malfunction may ensyo shorlly.  Tho
vary Ing ehamber pressure, as wall as the vary lng thrust wjl| unduly stross or
fatigue both the chambor| ang ITs mounts causing mochanical fallure. Tho hoat

Tranﬁf “to The wall can|b Increased sovoral hundred procent, due Jo the
prosonce of high requendy os el ations, which May be sutficient to cause rapld
detor loratien and burncut of the chamboer wall. Finally, even If fhe rockel
| motor can withstand the vii

]
thratlon and hca1'Trmnsfor, severe secondary oscl|ia-
Flons may bo ol up In Ih

destroy |ts offoct lvenoss

» dellcato guldance and contral system whieh Wil

Anyyor-all, of these offects Wi rosult In
fallure of fho propulsion (unl - and can eliminate Ut from consldorallon for
d Inclusion In g system  wh |

ke

ch requires reliabllity, accuracy and dopondab | | 1ty

ustlon instab 1l Ity affocts the |

Since The presence of eomb

fo and rellability
of Tho rocket motor, |1 |

L ]

necessary That we gain an understanding of the '
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fluld dynamle processes so-that the condltlens which promote This detrimental
form of combustion may be determined and consequently avolded, controllad or

allmlnatod.

~Although thoro have been other afTompts Qf‘élmsslfICaTIon, (for
oxamplo, see Refs. % and Il)(Tho fréqu@ncy ﬁpocTruﬁ In which ccmbﬁsTlon Ine
stabl |ty occurs,‘can be convenlontly separated Into Three parts, denotad
low, lnformodlaTe and high frequency Ins+ablli+y,'rospecflvaly. This “p=
pears to bo a natural divislon slinco Tho ceuplod wave pré&@ggws, governing
each of theso three types, are difforent and henco load +o dlfferent charac-
For lstlc frequanclos,

[t all the gas in the chamber surgos porlodically, large Inertlas

are Involved and low frequoncy osclllalions resu|t. These low frequency In-
stabllitles, commoniy referred 1o as "ehugg (ng", have freguenclos ranglng
from 10 to 200 cyeies per second, and have been demonstrated both theoret|-
cally (Refs. 2 and 3) and oxpor Imentally (Ret. 10) to depond prrlmar |y upon
the coupling with the propellant fead| |nos. Since thls case has alroady been
Thoroughly explered, and since Tho Instabl Tty may be eliminated In most |-
stances by Increasing tho Injector Impedance, that Is, by ncreasing the In-
Jector pressuro drop, we need not cons|der this type further,

'ntormedlate frequency instabllitles have been observed expor Imen~
tally (Refs. 9 and 16) and generally occur at frequenclos of several hundrod
cycles per second. |1 has heen postulated (see Sectlon 2) that the charactoer-
lstlc frequency may be attributed to The presence of entropy waves In the chambor.
This type has not yet recelvad a comprehens|ve analytical treatment, unti| now.

High frequency or "scroaming" osclllatlons aro genoral ly assoclated
WiTh varlous acoustlc modos of tho chamber and occur at frequenc los botween
soveral hundred and several thousand cycles por second depending on the mode,

chambor geometry, and exhaust nozzle. That Is, experimontal observation
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Indicates that the inTonxw shri 11 sound that occastonal ly lssues trom g
rockoT,ls.ppddugedjby hlgh-{roqumncy.preséuku cscil}mflanﬁ charactor | zed

by froquences In Thv‘nulghbmrhomd‘aflfha organ-pipe resonances of the
chambors  Those lnﬁfab]lirjms,wmrﬁ 1nlf1al]y fognd To bo of the longitudi-
nal type, bul with moro adequate Instrumentation, It was discoverod that
Tranqurﬁo modes woro also present. The most frequently encountorod Trapse
verse modes are forms of the flrst fmhﬂenT}él, Qr "splaning-slosh Ing" mode,
In which the prossure waves propagate dlmmwTrlcally or tangent lally acrosy
The chambor.  Transvorse modes of Instablifty In rockot chambors havo not as
yol rocelved comprehensive analytlcal “troatmont, untl| now.

Inall of those cases, |f ose | lations are to be matntalnod, there
must be some process of coordination whlch perlodically feods sufticlont
energy Into the osclllaling gaé systom to sustaln the process, oOf COUrse,

In order to have a closed cycle, fhe gas dynamlc system must Induce tho com-
bustlon process to reloase energy at the proper time phaso-wise dur Ing oach
cycle; thus, any theoretical model must demonstrate a ¢losod loop.

The analytlcal Investigation presented here conslsts of fwo parte.
The tirst doals with tho troatment of hlgh frequency fransverse mode |nsta-
bittty, In which the flrst tangontlal mode Is of primary Interest. Tho second
deals with a Ttheory of combustion Instabllity In Tho Intermedlato froquoncy
range which |s charactorizod by Tho appoarance of entropy wavos |n the chambor .

Although anatytical troatmont ot the problom of combustion Ingta-
bETHy in Ilquid propellant rockats |g comparatively recent, an extensive
literature on the subject already oxists. Undoubtedly, The most comprehens|ve
treatment of the subjoct, to dato, Is due to Crocco and Chong. Becanse of the
thoroughness of the analysis and dlscussion appearIng In tholr recent Treatlse,
(Raf. 18), the reader |s advised Ihat the lattor const|tutes the primary

reference for this thests.




TR e—

v » ; L o— e Abes et et T A EHERATTY

2. Stalus of The Theory

in tholr recent survey, (Ref. 1), Pulnam and Dennls polat oul thal
of all Types of combusTISh osclitations which have been cbserved, the organ-
pipe type, In which The wavelength of the oscillation |s related to *he dimon-
slons ot tho chambor, has the otdost history. 1+ seoms That Flagins produced
an acoustic oscltation or "singtng flame" in 1777 by surrounding a diftuslon
flame with a large duct opon at both onds.

SInco that time, thermo-acoustic osclltations have beon obser vod
tn many difforont pleces of laboratory and Industeial oqulpman, for examplo,
detonatlon Tubes and gas=fired unlts, and consequently, many Invest|gators
have attompted To analyze The mechantsms nvolved,

One of the earliest analyses, due to Rayleigh (Ref. 1), was one In
Which he advanced a crlterton without formal proot, that for the oxcitation
of thermally driven osclllallons, There must be a fluctuating heat release
within the medlum, such that It has a component In phaso with the varyling
component of the pressure at the position of heat release. Noto That This
tplles That heal release at a pressure node cannol conirlbute to thermo-
ncoustlc oselllatlons, In a crude sense, Raylelgh's criterlon may bo con-
stdoreu to ba nolhing more than the restatemont of tho condltlons for a
¢losed thermodynamle cycle. That fs, [ heat is suppllod to a medlum at high
pressure and rejoctod at low pressure, then piston work may bo obtalned.
Prosumably, this net work Is utllized In driving the prossure waves.

As provieusly stated, many contributors have analysed The fiuid
dynamles of various combustlon driven osclllatlons, for example, soo Rofs. 12,
I3, 14, 15 and 20, However, since these and ofhor published works do not bear
dlrectly on the spoclflc problem whilch concerns us, namely, combustton In-
stabl 1ty In Ilquld propellant rockets, we wlll now proceed fo review some of

The concepts leading to the theory presented tn the following soctions. We

Y b
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will begin with the evolullon of The Time lag concept In rockel molors.,
First, wo rocognlze that the normal process of combustion In a
rockot mqfor is of a highly Turbulent nature, and hence thore are Flmo« and
spaco=wiso fluctuallons of 1Tho pressure and dependent thormodynamic and
{Tuld=dynamic vairtables throughout tho chamber. 11 the (luctuations have

small amplltudes, then the combustlon |s consldored smoolh, and when they

have large amplitudes, It Is calied rough burning. However, these torms are
qual ltative at best, inasmuch as The amplitude of Tho osclllatlons alone 14
an insulflclent criterion for classlfying the stablilty of tho combusiion.
Rondom f{luctuations, l.o. Those which do not have a characteristlc
froquency, exhiblt the atlributes of Turbulence and In certaln cases will nol
be detrimontal fo The practical operalion of the rockel. That s, the Time
averagoed oxclting forces are n;gliglblo and the combustlon Is rough but stablo.
: When, however, periedic fluctuations are prosent such that one or more com-
pononts of The frequency aro pradominant and grow In amplitude, the Integrated
effects will be non-zero and mechanlcal or Theormai fallure may follow In short 3
order. Accordingly, we note that The occurence of rough and detrimental com=
bustion, glven the name unslable combustlon, |s characlorisod by oscillalions
with woll-dofined frequencles whose amptitude Ts Iimlted only by the dampling
of Tho systems This distinction between rough but stable combustion, and un-
3 slable combustlon was advanced by Crocco several years ago.
] fn order that unstable combustlion exist as dof Ined above, some
coordinating Influence, which Is capable of ampllfying a random dlsturbance,
must be present. in this connectlon, In 1941, von Karman's group advanced
Ihe concept of a combustlon Time lug, or delayed Instantancous combustion.
: This was deflned as the 1ime betwoen tho InJection of a propellant element and

its evolution Into combustion products, which was assumed to occur Instantane~-

ously, after a certaln delay.
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: Guider and Friant, (Ret. 2) were the flrst fo present a formal lzoed
analysls applylng This concept to a treatment of tow froequoncy combust lon n-
stabll1ty. Thoy postulatod o constant vdluo of The ¥imo lag and wore able Jo
demonstrate thal under cortain clfcums1anc05, this timo lag could provide the
necessary coupling between the rockel chamber and tho provellant fcod systom
which would rosult In unstablo amplificaltlon of a random pressure dlsturbanco,
Olher, moro olaborate, low trequency analysos fcllowéd, Including the carly
work of Summor{lold (Rof. 3) who estab)ished 1ho thoorettcal timlts of Jow
froquoncy stabliity In his analysis wirich Includod the offosts of chambor
capac Itance and foading system Inort fa. However, sinca each of These rotalnod
the constant +ime lag concopt, The variatlon of tho rate of burnod gas genora-

) Ion, or source of driving energy, could be modifled only by the rate of supply

! of propellant to the chamber, which depended ontlrely upon the sonsltivity of
i the feeding system to chambar pressure osclllations.
Now although Crocco was willing to retaln the concept of an Inutan-
taneous transformatlon of Hquld propellant Info gaseous products, ho reasnned
! that the specific rate of converslon of unburned propallant elements nto com-
bustion products depends on the sonsItIvlty of the actlvalion processes o
chamber osclllations, and In 195 he Introducod the concepl of the sensitive
tlmo lag. Thus the Total +imoe lag T}, durlng which varlous physlco=

chemlcal processes occur, was consldered to conslst of two parts, a constant

part fﬁ during which mochanical processes Insensitive to the Thermodynam|c
states of the surrounding gas take placo, and a varlablo sensltlve part T
during which actlvation procosses accur Which are sensitlve to the oscl|lalions

oceurring In tho surrounding gas. Simply wr ltton:

v ,‘z:-t'fv' T(’ ’*‘Z“
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whero the bar denoles stoady state.  And then o relato Tho sensitive Time
tag 1o the rales of The condlionlng procosses, Crocco wrote an Integral

equation for an olement burning al 1lme 't f

b .
ft.fc Hﬁl)d{ “eonsh: 2.2

whero ﬁ I's tho ovorall rale of the condiTloning processes, and the [ntogral
must bo evaluatod following each Indlv)dual propetlant olemont. The rato "F
vartles afong tho path of Integration, and upon correluting all of the physi-
cal factors which cause this varlatlon, fo The pressure, Crocco obtalned Tho

rolallon

%: = ;f (I a4 8 ‘%%l )

2.3
nlch Is valld for small ampl1tudes of osclllatlion. The quantity M, which
Is actually a well-~dofned malhemat|eal quantlty (see Ref. 18) was called an
Intoractlon index, and was assumed to be a characlor Istlc of a glven prapel lant
comblpallon. Crocco ohserved That actually, of course, sons!tivo and Insans |-
Thve timo lags are physically Inseparable and oceur simultaneously. Hence
Eq: 2.1 should be conslderod as a schomat e reprosontatlon for he actual
ovonts. On combIning Eqs. 2.2 and 2.3 we abserve that tho sens!tive |Ime lag
oxhIbita Invorse prossure dependence, since there |s readlly obtalned:
TH™ = const »
Applicatlon of The sensitive tlmo lag concept to the troatmont of
combustion Instabliity was first made by Crocco (Ref. 4) for the cases of low
frequency Instabll 1ty |u monopropellant and blpropel lant motors, and roughly,
for longltudinal high froquency Instabllity., The torm Intrinsic Instabl |4y
was Introducod to Indicato that duo to the coupling betwoon The pressure oscl|-
lattons and combustlon processes, through tho modium of the sensitive 1ime lag,

Instabl Ty can occur even if 1ho Injoctlon system dolivers a conslant flow.
W
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A serios of papers by Crocco and Cheng dealing with a more ref Ined
troatment of the low and high frequency longitudinal modes of combusglion |n-
stabl 11ty fol lowed and was racently assemblod In the|r monagraph (Roi. 18),

I Ahis samo roference, |1 was polnted out That 1heorolical analysos wore
lacking for two Important mochan|sms. Accordingly, wo will consldar the Froat-
mont of those two dlstinet probloms, Iransverse wave and onlropy wave com-
bustion tnstabl||ly.

In both cases to bo analyzod here, the treaiment 1s rosirictod to

Inoar Instablllty, whoro the perturbations aro sufficlently small so thal

second order Terms may bo cons|dorod negligiblo. 11 s recognized that fuljy-
dovoloped combustlon instabllity 1a goneral by a non=11noar phenomenon,
charactorised by the prosonce of shock wavas, bul as has beon ohsorvod ex-
perimentally In a groat many cases, Instabllity will ottimes rosult from Tho
prograssive ampliflcation of small disturbances, Thus, when we determine
stab ity Limits, 1t means that within those TImlts, the systom will be stab)o
to small disturbances. |t a glven systom Is |inear|y stablo, and no large dis-
Turbances are appllod, then self-amplificatlon cannot drive the system to In-
stabliity, and no high=amplltude pressure osclilal fons CAn appoar

Lot us now describe The physical systom and tha mochanisms which
are Involved. Al the higi frequoncles normally encountered in fransvorse mode ,
Instabl11ty, The Injectlon systom cannot rospond o chambor prossure osc| |-
tatlons. Thus, for fnstab Tty to oxist, It must be of the Intrinsic var loty,
and a coordinaling process must bo presont, so That oscltiatlons of the rate
affecting factors wiill produce organlzed oscillations of the burning rates,
which will provide the necossary exclting force to maintain tho coordinaling :
pProcess.

I our [nvestigation of transverso modes, we will retaln Srocco's

medel of the sensitive time lag as a sultab)o mochanism, and wo wl)|




g,

; _ Investigate the stabllity of three-dimenslonal perturbations with exponential
tlme dependence, In a general rockol system consisting of a riglid cylindrical
chamber with a liquid propellanl injoctor and a fixed converging=diverging
oxhaust nozzle. 1 should be observed that due to tho presonce of The exhaust
hozzle, puroly ltransverso osclllations cannol be present. | a fransverse

pearturbation appears, a longlltudinal wave wiil bo refleclod in the subsonic

portion of The nozzle, and Tthus a form of comblnod mode must oxlst, in conlra=
digtinction To what occurs in a cylindrical chamber Terminated by plane
closed ends.
To explain the experimentally observed occurrence of combustlon In-
stabl1 1ty In the Infermediate frequency range (Rots 9), anolher mochanism must
bo consldered. In This caso, tho {requoncies aro too high to be Tho rosult of
chamber and feed syslom coupling, and They are too low To corrospond to a
mode of resonhance of The gases in the chamber, The proposed mechan!sm depends
on the presonce of entropy waves In the chamber, and In some cases Involves a
special form of coupling betweon The Injection asystem and The chambor.

Entropy waves may be produced by chamber pressuro osclliatlons in
one of two ways, each of which Is capable of relnforcing the other. However,
lna blprapellant rocket, tho primary cause arlsos when one obtalns a varia-

I Tlon of the mixiure ratlo about 1ts mean valuo., This occurs whon tho oxldlzer

| and fuel Injectors respond difterently 1o chambor pressuro osclliallons, Thus
producing a stream of propeliant etements with an off-mixture ratlo., |1 The
mixture ratlo 1s osclilating, tho temporature and the eatropy of tho products ,
of combustion at a glven statton wiil also oscillato. For typical rockets
: dosigned for maximum Theust, both bocome vuo . or smallor as the oxidizer-
fuel ratio Incroases or docreasoes. (see Flg. 2.1)
As a result, (f one oxamlnes The conditions In The chamber of Ihis

rockel at any glven Instant of tlme, one observes That 1o gas enfropy l
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dlstribulton has a wave=like pattern which moves downgtroeam wilh The gay velo-
cllty. The entropy osclliation reflects pressure waves al The exhaust nozzle
which Itravel upstream with the spood of sound to the Injector face. This
closos the feedback loop altowing the process To start all over agaln. The
axplanation of This mechanism was first given roughly by Berman and Cheney
(Rof. 9), and has since beon enlarged upon (Rofse 16, 18).  In tho mathemal |-
cal troatment In which Tthe stabtliity Himlts for thls mechantsm will be deler-
minod, Crocco's model of tho sensitlve Time lag ts extondod to allow ftor tho
functlonal dependenco of tho rate of the conditloning processes on Tthe mixture
rallo. The treatment of entropy wave Instablility appears In Sections 9

Through 15,




Pl TRANSVERSE WAVE INSTADILITY

o e Formulallon of the Govornlha Lauations

In a gonerallzed treatment of combustlon Instablllty, we are con-
cornod with the three-dlimonsional motflon of a gas, contalning a distribution

of droplets of Hiquld propellant, which flows Through a rockel chamber, Tho

droplots which burn at difforont locatlons In the chambor will then corres-
pond to a distributlon of sources of mass, momenium and energy. Lol us
formulato tho consorvatlon laws for Thls two=phase {low.

We lof /7 denoto the donslty of The gas, defIned as Tthe mass of
gas por unlt voltume of gas, and lof (i denote the denslty of the Ilquld

droplats, deflned as the mass of |lquld per unlt volume of gas, that s, we

P S
. will negioct the volume of the droplots with respect to the gasvous volume.
, #
Thon lotling a donote a dimenslonal quant!ty, Tthe consorvation of mass

bocomos

i selpropt) + (ATt =0 "

1
|
X
! whoro \ * and Vﬂ‘ are The gas veloclty and Ilquld droplel velocily re-
! ,
ol e

¥
spoclively, t S the Tlme and v ¥ 16 The dlivergonce oporalor.
Now nole that The continultly equatlon may be Troeatod In anothor
¥ '
way. 11 ¢ donotes tho Instantaneous ratoe per unlt volune al whi~* gas 1s

W
enarated al any locallon in The chambor, so That 4’ corresponds o a
3

sourco dlstributlon for the gas phase and slmultaneously a sink for The %

liquld phaso, then contlnulty may also be wrlttoen:
*

¥ ‘
o T IRPE =Y e )
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L ovigcostty ts neglected, the conservation of momentum In this
ITwo=phase system takoes The form:
¥
D (piyFa Y wy oty o) o\t
2, (P ) (YY) (e
*’*V* ¥ Vot o ¥ #VH I
AN DV

which s somowhal more compllcated than the fomlHar Eulor equatton.

The enorgy changos, musl obey the flrst law of thermodynamlics,
lve., the work done on 'the gas, plus the heat added to the gas wmust equal
the change of enorgy of tho gas. The sovoral forms of onergy which will be
constdered hore Includo kineltc, tntornal and chemlcal onorgy, however, tho
work dono by viacous strosses and heal transforrod by conduction or diffusion

will be neglected. By defintlion,

¥+
= £ ¥ o Elu

*
es >

. ) A
\qr}# = \"\#‘ 4= }'./.-* ’
&
and noting that
¥ ~ 0
h, = & -
ﬁ }7/ 5 5

sinco for the Hauld phase The Internal onorgy and the onthalpy ara very

-

nearty the samo, and Tho corresponding common valuo VxL to Intended 1o In-
- clude the chemical onorgy of tho propollants, wo obtatn the foltowlng oqulva-

lont forms of The anorgy oquation:

sa(erest opthl) + oY rpth W) =0

and

¥ o S I \ ap T
S (prh e pthel) « ot (e o ) < 207

-
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¥
Noting That h™ 15 a tunction of the tomperature, the four equatlons
; ; . ¥ o % # o ¥
5.0, 3.2, 5.3, and 3.7 contain olght unknowns *, V ) 5 T- GP Vé
’ ’ ) Y ’ Ve &
¥
and hﬁ , hence four addlllenal equations are required. Flrsh wo have the
oquallon of slate for The gas phaso:
¥ R R .
P = /Qﬁ'qa, r 5,8
i o — ¥ _
A socond equallon relaling The burning rate lo The other
gquant 1 les will be derived lalor.

A third equation 1s oblalned from The dynamlc bohavier ol the

droplets:
¥ PRVA :
dVe _ r_’_\‘/é 4_(\//&*',(7*) V¥ = ,&(V*‘"w \Q**) 5.9

whlch assumos that the force exorted by the gases on the llquid droplels 1a
Invorsoly proporitlonal o The Reynolds Numbor.
Tho fourth equatlen could bo oblained from the heat balance
¥ ¥
of tho droplets which would yleld an oxprassion roloting Mﬂ, and W' .
We shall, howover, neglect Tho heat transfor bolwoen The gases and The iguld
droplets by taking (seo Ref. 18)
¥ " v ) ¥
C“’\,@s = 3%»@; e (Yﬁv) Ws =0 5 10
dt ¥ ot

Thls dmplles That when wo follow the mallon of a parlicular droplot, The
| LT | |
valuo of 4 s conserved. In other words, the droplel relalns The valuo
#
of V\ wiith which 11 was Injoctod. We may Thon wrlles
$

h'# %""‘ v’e*'z‘ \/\*‘ %’\g" v*"L ‘
gs 2y + 2 = Mgy, = g + Mo gel
' Z 2
W \/'%L
whero »120 and .ﬁg aro Tho values of Tho propellant enlthalpy and kinetlc
2
onorgy al 1he Injeclor head, and wo remark thal these quaniities may be re-

latod to Tho pressure at the Injoector by means of The injector response oqgua-

Flons. 1 the InjJectlon system does not rospond Fo chamber pressure
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i
osc Htatlons, The mixture ratlo remaing constanl, fherefore \",g(, must ko=

»’7;-
wise bo contslant, and unless The Injoction velocity 1s modulated, 22 s
=

alse constants  In genoral, the mixturo ralio and Injectlon voloclty are not
constant, and each droplel relalns a different characterlstic stagnation en-

thalpy rilght through tho momont ol 11s conversion Inte burnod gas.

Wo may now procood to non-dimenslonallze the toregolng equations

e P
ey

¥

pon e ol 2 —_
by uslng as roforence valuos Pq*, /)o"' P To" and Ca = ,,l XCR_‘%‘\*TQ% 7

whlch are the steady slate values of precaure, donslly, Temperature ol the
gas and the voloclty of sound In Tho gas al 1he Injector {aco. Note Thal

et

V ¥
since ¥ must be zero al the injector face, The roference values corres-
pond to stagnation values of tho respective quanttltios.  In the sludy ol

L
Transvorso waves, 11 is convenlenl To nge the chambor radius Ve as The
)

relorence ltenglh, whereas In the study of longlitudinal waves, The combus!ion

chamber length 15 a more sultable reference length., We will begln by seleet-

¥
g Ve as the moasuro of longth.

—
Lrl‘l ¥ ‘ t # ) #‘
) V‘E\”E_‘-*"V% . t::- ,.C;,‘l..._._ A P:% : /)_. 2oy

r¥ " A
T T# e ¥ j
| =p o0 fy o _é’& , V= v Vp = K»}i)’! 3,012

a n 4 .« - —
[ /\ () = CQ'W A .(.:.no A
Y=l ht g = bt f e A
¥ GRATLF ﬁ(: A+ W W

whera ¥ 1s The ratlo of speciflc heals which Is assumod To bo constan! over
A .

the rango of variation of T « Thls assumption ylolds dh=dT in terms

of The non-dlmensional varlables, The non-dimenstonal equations may now be

wr bl ton

f{al_%((w&) +- VQI*‘&Y&) = O . Bl
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and now ot us proceod by infroducing smatl porturbatlons.

Wo will conaldor each of Tho dopondeni vartables as Tthe sum ol a
steady stalo space=variaklo and a Time-depondent perturbatlon so small that
torms hilgher than those inear In The porturbatlons can be neglected. Thus:

— { T | here - “nosed be Y 4 ol
[) = l/) +(> 3 P-;; P»\- P olca, whore the suporposed bar denotes steady
state and The prime denotes small perturbatlon. Tho sleady state oquallons

and The equations linear In the perturbations follow directly.
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Dropled Dynamics
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At this paint, we have obtalned a sot of partial difforontial

oquations which govern the mollon of The rockol Fluid systom durlng sToady

and unstoady operallon. Wo are now Intorostod |n dotermining the stab |1y
of solullons with exponontial +lmo dopendonce, but {lrsl wo procoed wltTh The

selection of an appropriate coordinate aystom.

A Coordinato Systom

The natural coordinate system for rockel motors of convontlonal
shapo 1s a cyllndrical coordinate systom and hence the latter will be uli-
I'zod here. Reforring to FIge 4el, wo seo that tno square of The olementary

longth 15 glven by:

w 1. A 2 2. . 2.

Non-dimenslonal 12 Ing,

W .
g = E o= e ¥ =9 42
¥ / e ¥ /
wo obtain
J/@’L L C"?-‘.L A ol\("z' o+ Y‘Ldez' 4.3
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which enables us To expand The vector equations we havo derived proviousty.
In the onsulng anatysls, 11 will bo assumed Fhal the steady state solullon
conslsts of ono=dImonstonal Flow, and Thon the solulion In unsteady flow
Wil conslsl of three dimensloral perlurbations suporposed on tho stoady
state solutlon. |1+ follows that all partlal derlvatlvos of stoady stato
quantitlos with respect to ¥ or O vanlsh, whilo partiat derlvallves of
stoady state quantities with respoct to 2 become ordinary dorlvalivoes.
Lotting tho subseripts 2, v and @  denoto compononts of

voctors In the rospectlve directtons, the continully equations bocomn:

g s B
(E(p\/a)

it

CF =T cii (EE'Vﬂ@~> Ao d

[
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8 P 2 30T 4Ry
N A 7 W .
e Y- LSRR () + 20
O -y
mé'é([)ﬁ‘%h)
Proceeding, we obtaln the equations for the consorvation of

momentum;

d (=7 — P
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i Compononl.of Momentum
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C__Component of Momern tuny
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6 Component of Mcmentum

2 (5Vo! w7V, ! % v 5V aVp' \ 3 &
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In constdoring The onergy equatilon, an order of maqgn Ftudo analysls
shows That Ks Is congtant throughout the chamber Yo within ferms of the
ordor of the square of tho tocal Mach ammboer and henco from Lga 4a7b |t
follows that h; = \'\ « Wo wltl Justity this order of magn i tude anala-

shain anothor section,  Thorofor Q,
~ ohs' - ap! " | t
p +(5vgahs = B F (')

We may of iminate Cb by Introdue Ing L4 404 and wo can of Iminato LW§ an
follows.  Sinca &V\==d"r » WO must also have Vﬁ = T.| and theroforo

hs‘ = T' + ( -lj \/' = T' + ((\f—-at) V.g Vé‘-'.'« o tdroduc ing
tho oquatfon of glach, T' = T (--JE_1 - %) wo obtaln for the anorqy

equation:
%[P!"?/"HK*OFV%V‘&':]""Q%[VE{P “/3 (V')/OVEV.;}] 4410
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the droplot dynamics yiold:
Ve dVee = b (Ve -V ) oy
dz

r)Vﬂ.?‘ \/ \ y

+ Vg 2 ﬁe oWe ¥ VN 4,12
7\/r' b \/,(?Q 9\/!2? & jg (\/‘_ ""\/fel" ) 203
ot -
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while tho droplot stagnation onthalpy 1s »iwply

l",és‘ = l’\ﬂ! +- (\“"’) -V.JZ%VQE‘ = hff;o 4 lh

Do Soparatlon of Tho Var {ab|os

Wo may separalo Tho variablos In our system of linoar partie d)f-

ferential oquations hy caprassing each of the porturbatlons as the product

of functlons of the coordinates and an oxponontial timo function, Aftor ox-

amining purely arbitrary functions, It Is found that soperation may be achlevod
~ st
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Since the exponent S:ajL+L52 5 generally complex, the stabliily of any
sotution will depond on Moo That Isy the solution will be slable, noutral
or unstable as . Is less than, equatl to, or exceods, zoro. We will doter-
mine the condltions ylolding neutral sltablllty, Inasmuch as a knowledge of The
stabl |ty boundary ( N = 0) and the unstable side witl bo subiiclent for
our purposes.

We note that although tho perturbations are glven as complex quan-
tlties for the purpose of Indicating phase relalions, only tho real parts have
physical meaning. Before solving the perturbed oquations we refer to Ref. 18
for the solutlons to tho steady state equatlons. Steady state continuity

and momantum yleld

ple = jf PENR = W o= Ay, - P Vs 7

whero Zkiyht ropresonts tho known propellant Injection rata and (U” Is

A}

the gas flow rate at any statlon, and

g = o Y VR bR
p = 1-X ((’VM *‘/?ﬁ\fe.a ‘“/),ea\/j‘%) 505
whlle we may also wrlte
T o2 4. ¥l gl 504
) l " Va

Ut 12ing Eqgs 3.8b we also oblain:

" P 5.5

r- | = L (x=1) Vg

Gonsldering orders of magnitude, we note thal the veloc|ty

Increasoes from zero at the InjJector end to a may.'mum value connected wlth |

the Mach numbor at The ontrance to The nozzla. A solullon of the non=!inear

difterentlal Equation 4.1l (see Flg. 4.2) shows thay ... droplet velocity
‘ Vﬂ‘% has the same ordor of magnitude as “\7;} and ,& . That Is, Va ;
Qk% and,ﬂi are each of The order of the Mach numbor. Furthermore, fthe

"

devlations of F , Zy and T from unlty are of O(Mz). Up to twims of this Y
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order, woe can Thorofore wrlte:

pep=T = | 5.6
and hence thore follows from tq. 5.2,
ot ot by 5'7
,/feVy_% = Vao - Vi

sinco combustion Is assumed complote at the oxlt of the chambor and

PoiVei = feVee

If we now ltake

_ Ao de .
d Lodiy

pases, & I
Yo da ;%O()
and 1f the Injector does not respond to chamber pressure fluctuations

(as In a study of Intrinslc Instablility), then the droplet Equations 4.12,
413 and 414 ylold simply:

V)E:’ ”%Zia J ‘/)r o '%'W,-« j V]g 2 j:.;.e., 2% 2
It will bo shown, In our Treatment of entropy wave Instabliity that a more
compl lcated rosult Is obtalned at lower frequencles, since the Injection
systom can then respond to chamber prossure oscillatlons.

And now substituling from Eqs. 5.1 Info The continulty Equation
4.5, we find for the loft hand slde:
42

d (5 d (G.¢).dg oY 4V =
554‘3‘%((’5))%)*%(\/23) y T aF ) _Z"J__Q dgl 5.10
Z

1.5 L
Y oy HortE
whore the variables are not separated as yot. We will return o this

oquation presently.

Upon Introduc £qs. Dol and 5.9 Info the equation for The
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componanf of momentum, Eq. 4.7, and rearrangling torms, wo obtaln:

[ (% + & Pl 1 G €] 5| (PR + T84 Qo 6] 50

YW d*e
_é:(i! [\-&«k@_yng_j_]/’\/% r[ dre +Eﬁ +£§ dot ]
[ YooY % 3

The Y and @ components of momentum, [qs. 4.8 and 4.9 ylold:

(%é [(pr %F,NMM] + 5 [(‘5 " %’:pﬂ Jr & “% o 1o

and

[()V;.»kkﬁ@\/i 2/’9} + 8 [f*' ..,-ﬂ_] Yy = -»g 5013

Expanding Eqse 5.12 and 5413 and then subtracting one from the other we

obtaln:

7%+ A )( 5 it A’f) *-P;("Vi*% vaza)w(f»fég(ﬂ(%"%) 20 514

Thia has the solutlon:

b AR 330 ) o
AR

and honca unless G is taken fdentically foro, separation of tho varlables

s procludod.
It 18 of somo Interest to see what happens 1o the vorticity as a

consequence of This last result. By definttion, The vorticlty is glven by:

’ \
rotV' = yx\' = r[ (rVs') ;a<v")] e 5.16

+ J_“[ Q(V?:.'\ N %(r\/91>]% e -::[%(Vr') s f««r,(Va')] (_{(_3

QJO
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Substituling from £q. 9.1 we obtaln:

N dY 1 dP N
(\’0"'”\’{_@ 5 (7/9"7/',") a}-_ b é—a-eSt & 0O Bel?
(rot Y )r = (ze-222) ¥ dE ot

N )

. dV¥ ot
(ro“‘,,’“'e - (da”y‘z,)_d? %e

and Thus wo se0 thal the condltlon That enabloes us To separale the varlablos,
namo |y 199:514-, also causes the axilal component of tho vortlelly to vanlah.
Roturning to continulty, Eq. 5,10, and Introducing LDy =lpy wo
fInd: I
‘P
sS+;~%(fﬂq)+ %(Vd)%g ) w%_g,ﬁ?f‘msm it
g Fﬂ? v vy rL@

2
where Swh |5 tho separation consTant, and wo also oblaln

Y 1 5. 19
2 424 o d¥ 2 o1 A TN ’
T T g 4 SehtTE s =N

W it %

whore T\L Is The second separatlon constant. We havo thus obtalned The sot:

km
i %% + ¥ gﬂ; + (r"”’SInth”)“%J =0 5,20
n
CL% + W‘“% = O 5.2

Equation 5.20 Is recognlzed as a Bossel equatlon so Thal the

solutlons become respoctively,

5 Ta(sanr) 5.0

" = % Yv:«(snhr) 7

;@ = { cos no 523
sin B

e U e o
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NG constants nood appear abovo as thoy may ho conveniently ab-
sorbed into the #—dependont factors. Tho aclual sotution Is obtalned by
summing over all comblnallons of products of solutions. We must satlcfy

: ' ; !
cortaln condittons imposed on V' . f teat, Y must not becomo Infinite
al ¥ =0, and honco wo must dlscard the socond Bossol functton. Furthor,
!
Vr musl vanish al the cylindor wall whoro Y = I, and honco Lq. 5.1

lmplios thats

éi) = d¥ (50 =0 5,24
A /v e dr
SInco thore are a doubly Infinlto numbor of solutlons to This equatlon, we

i : o Th ‘
lot Sl ropresont the '™ soro of the derlvatve of the Bessel function of
ordor n, so that both subscrlpts of Svh are used as Indices to [ndicato

which of tho solutlons Interest us. The flrst nino zoros aro:

SQ‘ " O S_‘QL L] .:,B.ﬁf? 59 7‘0156 5@25

Sw o= 1,843 S o= 5,553 Sig = 8,563
Say = 3,054% Sas = 6,7060 Saz = 9.9695

The system of oquations which must bo solved simuttancousty now

hocomos
Gontlnulty .
s§ + d (F%-@«Va” *Slnk/?%» = -é% = 5,26
dw %

Momontum % _
S(FﬁJ% +Ve§) ¥ ﬁ(lfvéjj-& + V%ZS) = w‘b’:l% 5,27
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Mamentum [

- 0‘ - (rﬂ - 5.28
P+ L) =L ckpu b d(mg.0)

“nor

3\— [V;{‘(’ T8+ (¥~ l)/)\/gi/gﬂxys]( :TS-F (¥ 1 ngJJ,}] =p %

Lot us roview the Initial conditions at Tho Injoctor face for the

case.of Intrinsic Instabllity studies. At 7 = 0, ‘
Ve' (0,r0,£) =0 5,50
At (o 6,t)
' (or0,t) =
Ve (0,10,t) =

sinco al the injoctor faco Thero 1s no production of gas, and since the

Figuld is Incomprossible Thare can bo no variatlon in propellant donsity.

Equlvalently, wo have
Py (o) = Ma(o) = § (o) = _:zr.m = Va(0)=0 ™
while @(0) =2, 1 (0 ra , and 8(0)

Wo will proceed lo solve our system of eqguallons by an 1teralion

# schomo, (see Ref. 18). Combining continu'ty and energy, Egs, 5,26 and 5.29,

and TotTting

=

T
e

L
it

(=t /T\/a.m. o \-“w”i;)"«,%

=L
=
B

_ =L -l
-%; Va;é** —/J)%.«\/%(n-—T)%'--(*")/JVa»j—)-i 5042
0-p) %

.<
—
2
e
i3




Rearranging Fq. 5.27 wo obtaln:

;(F{(})) S %‘ e -5 2 - ;%V bogkh, U 5. 34
2 5 3

whore wo have Takon:g
-~ o - W = .
Z(x) = T @, "(‘"(’)*é % »&’@-‘ et 2 Voo S 6, 55
3. 2 = e °
We) = 7, 2 PEAT B T
T g ° - 2
U(z) = /)V%:ff. + ’éﬂc\@eﬁﬂ
Our las| oquation, £q. 5,28 bocomos:
S Eéiﬂ oy *351 = P
@, ¥ dg

upon tuk Ing

= »ﬁl“f) 5\ Y
Me) = A2 () %

For roady rofoerence, wo repeat the now simultaneous set bolow:

b2 4/
di( F)"’"S({'fﬁ) --Mh(%’%)*~m$><+d\/ o V
L () +s 2\ 7 - dW + 5 U

da \¥¥%,
() + () = ot &

|
Wo noto Immediately that | Sy = 0, which Implios V' « Vb‘ = 0 ,

(1]

L8]
-

{853
~J

then the treatment reducos To a puroly longitudinal mode of ascillation,
which hasg alroady boen analyzed by Crocco and Cheng In Ref. |8,

Lot us procood with the solution of Eqs. 5.8, Rearranging ‘the
third equation and substituling 1+ Into the flrot:

L dV
& 114), Sy ) )(1- ﬁsh(\/+M+—,~ )
S+ -3 n

da(VL k3 Kﬂ’ S de
Adding and subtracting terms in s equation and also In the second Equation

5.38 above, wo dor|vo:
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A [ 7 % ) + S\ W) = slw- |
dﬁ(f‘—él - §_§_ﬂu -\,.(5\ “5">( P W) -WS.(N .><) .54
| - st (VM- %)
d(%” W) (% Sl /
SR " 8 . n I \,
A X%a% ‘ J 2 Y ki U) S\/+ %> 5,40
¥ 2SR
|
For convenlence we lot:
1
Dzl = (f2 -V + sthy) -
| Bl2)= (5p + w)
| F(al= Y4 2
E(2) = W-X
G(z) = V+-N\*‘E
and thon Eqs. 5.29 jand 5.40 becomo:
ip) Loed . ) 5, 42
%ﬁf‘*‘(S%‘%ﬁ)E-&SEHSIﬁHG Be 42
dB + §D = =Sk + 25WhU 5. 4%
dz |
Wo may eliminato E3| by differentiating FEq. 5.42 and conbining [+ with
Eq. 555 I|
! l} | Sl g D = géL
. j’@z. + "“) - (*J 5, 44

v where |
2\ = ¢ dE % < GE 1) 5,45
}L(&Bwsﬁ- + s+ +Sn!ﬂ[‘: i 1($+£§b)u'_\

Stnce the right hand sido of Lq. 5.44 s not glven explicitly, we

! Will use Tha method of varfiation of paramoters to solve this ordinary differen-~

' tial equation. We obtain:

D)= - CnCO.SMS—vw 2 C;,Stnkmhi +r ht) Jsinf s o (2212 5. 46
Jm" $*+ $%h
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We can now substitule back for ,il\,(a‘) from Eq. .45, Then Infegraling
by parts and combining torms, whero tho appropriate inftlal conditions |

are oblained from Fq. 5.2 i.e., [ (0)z0 und Gr(o) = /g/)j) ’l/t’o ,

there 1s obtainod:
D() = Z)" =Y SS L‘U = Creoshyshsih 2 = Cosinh{ g, 2 547
f z‘) cosh{ S5t (a-2') da
STy <t f F () snh{stsan @-2) d2'
| - Shah (G () eosh{TTi i (2-21)d!
~ 5% %) sesﬂh( "E“b) L U(21) sink { S5 guy (2 - 21) da'

Not Eng that
ﬁﬁ-ﬁ(&,a')d% 8 [f :,)?.Ef(a,a‘)da‘ + f(z,2)

We may ditferentlate Fq. 5.47 and substitute back into Eqe 5.42 to obtain B .

-
B(z) = 6%4 W = ms hl. (s S Sl 2 + O, cosh«qs%miﬁ] 5. 48

D ff E() sinhysoeson (2-2) da'

s*4 S
. f% F(2) cosh{stiml, (=-z)de!

&kl I
: 4 ﬁ;:?z_ h f: G’(ﬁ') SW\"\{S"‘.{.S“;‘V\ (‘ﬁ”ﬁ')o“i‘?' |
| "

w2 S ff UR') eoth {srsiy, (2-2')da!

Wo can now uniquely detormine The constants ¢, and Cy by in-

froductng the conditions at 2 = 0. From Lge 5351 we havo:
it y(@) = W(O) =0 5.49
o\
/%/)ﬁo \,/Qto -—'-»—-S;o

o
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amd henco simultancous solutlon of Lqs. 5,47 and 5,46 at 2 = 0 yields;
C = 5 l’\l'] 65, 50
l /é;/’({o V’Q,a pro A
W,

= |
Cy = ‘43'4-8114‘4 "f:g-

and now substituting these rosults Into Fas. 5.47 and 9,48, we finally
oblain:
¥ = cosh sty B - 2 _nh_
% c0sS T l’\ Z ’{“1_'..3 l,\ S p’{)go\{ezq SML\'{—;SV)A E
o e "
——- E ‘ st -2
s L §E @) sinh{s™+ 5% (2 -21) da'
| - S f y F (") COSM’S ~+51— 2')da!
| 2
' + 2nh ( G (&) si L\F 2 (2-21) d !
‘ e § %) sin ST+ S
R"’i‘s nly Jo ( ’
+ 2 S5%h {E ¥ U (?.-‘) QOS!”\'JSL*S ik (@-“Z‘)da
. )
¥ Va

ok I zv | e 2 ,
o &
FuY - SthaU s s f? xE(z~ msw‘"“s +55h (2-2)dz'

+ 545 %h Lt 5 F () smh«]s%shh (2-2')d 2’
- S [F ¥ 6 ) cosh (S (2w da!
- 2{5%5 5h ( &‘-‘3—) r% y U(2') sinhy JE?‘;L (2~2')da'
. 0

N
| Wo may also oblain a solullon for %ﬁ by inftroducing Eq. 5.5 Info the
[«]

Third Eq. 5.5 as follows:

¥V L soshid s 4s? S ¥ ,& 5.53
2z - goShlsTast 2 k20 L Y \h. v
78 S { m’;‘l"\ S p’e"/@'}“’ "ogmh +SnF‘E

VI R o (VR ' T CTIE W
f Si T e L y E(2) sich { S5 Thn (2-2)dq!

e [THFE) osh s (2- 204
- Stk 1 J% ¥ G (&) sinh{s s (R-2)da
S
) S?b. g"" ¥ U (2") cosh {5+ shn (2-20da!
Y 0

S g M

S
-
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a!
\ T V. ) | (% v e fo 7 5,61

vl

I ots cloar that the ovdor of magnitudo of The individual torms
comprr-ising Eqgs. 551, 9,52 and 5.55 depends on tho order of magnltude of 5
and Sinl,
Wo are also inlerested In delermining the entropy vartation in
the gas, since a knowtedge of this porturballon will bo necossary tn apply-
ing the boundary conditton al tho ontrance of The exhaust nozzle. tn dimon=
slonal form we wrilos !
THSY = dh* - 7)!..” dp¥ 5,54

which may be non=dlmenslonalized to yield:

- - d .55
Tas = dn - 22 ?E ’

and stnco Jh=<iT , this is oqulvalent to;
|

T8 = V. }13_ 5. 56

and now Inlroducing the equation of slate 5.8c, this becomes:
| s !
Slﬁ%%mﬂ] 5. 57 ;
i P
in order o separate the vartables in thls equation, wo take: :
Y st .
3= e(z) () 2(0)e 5,50

and Then Introducing Lqs. bot and 5.58, Equ 5.57 becomes:
5 € - 1L _ ,.,5""{ 5,159
P " Y W |
And now, roarranglng the encrgy equation, L£qs 5.29, we havo:

f‘!‘%[v‘zi gT+(r |)f*\'/‘a%)”+h\z V,}i_f. 3= T (e fv%ﬂ’ﬂ Sg,m

This tinoar dlfferentlal equatlon has The solutton:

H
Z da‘ Aiw

whoro the constanl musl be faken zero, since the left hand slde vanlshes




Y
N
-

at # = 0. Roearranging,
. E‘Jiin
A by = 7. Ve -l [T ot f( O 5.02
Som O w = (x-)AVe 22 ST PR) o8y G g
v, ( / 7 Y ) e @ d=

which may be Integrated by parts to yleld:

+ (Y di B85
L_0F o S5V ¥ .X—\‘P..‘H._L./iﬁf;\_ Vel@) [
A AR T A A KAt | R

Combining Eqgs. 5.59 and 5.65 we have:

- 2' e S 5,64
=\, Y1/ 2 - £ : ) '
Q VZ‘.. Q V’Q

—O;
=l

and now oxpanding the term In brackets, we obtaln finally,
P ¥E Va £ * f‘\" die"
SR (Vo ) | ¥ Nl ST )
Feg & =l '>{(’ B (e e ) dhe) da!
e Yo \/% Q i
@ da

| a é.' da¥
+o= s (e T el d %fgl) |
(o e 2(2) V/a(2)) oﬁ"( ; d

5.6

-]

6. The Burnina Rate Perturbation

In Sectlon 5, It was polnted out thal a relatlon betwoon The
burning rate and tho othor quantilies would he required. This rolattonship
wiit be dorived bolow.

We recall that a condltloning process takes placo during the Time
lag, and hence 11s duration ts a functlion of The physlco-chemlcal processes
tak ing place during the timo Interval from the Instant of injection lo The
instant That combustion of the glven propellant ts Inttiated. Since The

stoady state combustion rate has an arbitrary axlal distribution, Tho tota!

Time Tag wiil In general be different for difforent propollant elements.

Following Crocco and Cheng, the total Time lag witl be taken as thoe

1
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o

sum of a space varying Insensitlve part 77 , and a Timo and spaco varyine
¢ | !

> Ly
soensitive part T .

Te(zro,t) = T, (2) + T(zr9,t)

whore T Is a function of The Intoractlon index characterlstlc of the pro-
pellant comblnation. In The absonce of mixture ratlo varlations, The rates

may be rotated to tho prossure by Taking

-y

A i I/
¢ 3,0t 6,2
fFlarot) = £ (a,rla)}_\ + N E.L:_.'_....'__!,_w) ’
whore ‘F i5 The overall rale of the conditloning processes. Now, inlro=-
ducing Crocco's definttion of The sensltlive time lag, we have:

¢ -
/ Le)dt' & Eu w Ea
« T

6e3

whero E;l roprosents the quantity of onorgy required to Initlate burning
at statton #,v , 0 al timo 'f , and The Integral must be evaluated
followlng the motlon of the partlcio. Lguallon 6.% may be rewrltten in tho

following equivatent forms.

f.t £ ) rfe) o)t db' = Ea = En 6.4

T-T(r6,t)
gavrue

£ x ‘FLﬁ‘,l",é}‘,%,'(-2",7"',9')1 .fg_,.;l;q= o 6.5

Y

where dﬁé denotes the particto path, and ‘§ A X detines Tthe localian
whore The particle enlers the sensltlve phase. We note thay «.cording to
The definltion of the Lagrangian derivative, wo may wrile, upon Introducing

Eqe 6.1
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A v
Vla(f,‘.()'t) - JE = Vy,\,‘(%) i \%(Q) ‘P(ﬂ%(@)ebt -,
' - dr . 2) 4¢(r) st
Vi (z,m0,4) = O-\l—: . - =) T $(9)
VJH) (27 0,t) = rdd < V)Q(E) Y(r) 0_‘_@9) §%
It ST

Introducing Lqgse. 6.2 and 6.6 into Eqgs. 6.4 and 6.5, we havo:
£ Flaeelste] § 1 41] "
|
bz + ’“;L. o

ﬂ.ﬁ

Sa E[a'Jr‘(a'),Q‘(a‘)'t'(w)] {l+%'%Iz"r‘mr@‘(*').'t'(t')]} da' 6.8
f T/u (") + V)E(@) W [,.u(ac)] b [ij e‘s{:‘(z«‘i

e

= Ea = Ea(%)

whore 't'(ﬁ‘) Is glven by:

b)) = t(zr) - J% dz" 6.9
2! \7&-&(%") " V.Q‘} [E",t"(g")]

Sinco the steady state sofutton is one-dimensional, we have:
(\L.- - w2 8 6.10
AP A L NG

t-7 (%)

and furthermore, since In tho steady state there Is a negligtble spatial
. : .
non=unlformity, we also have -F [E (t‘\,{‘] = in COY\SAT. Hence £qe 6.10

becomos — )

6ol




and now Lq. 0.7 may bo weiltlon:
t

I ) zﬁ % |4+ N IJ\[EI({'\>'rn(t\)len(@)’tn]% dlL.I . Ea\(@) 612
‘f T(xh6,) =

Noting that  T( 2,70 t) = T (%) + T (36t wo
may negtect second order terms In Lg. 6.12 To obtaln:

T'(%,‘“’,O,t) - T(%,i“,@*,'t‘) N :i.(,i) 0,15

P (U (ORI R

bl -~

N-tamet) T

-
-

Thls equation refiocts the chango In the sonsitlve *ime lag from
15 stoady state value ;Z:(@) for a particio which begins burning precisely
alt time ’{: and statlon 2 , ¥ , & affor having traveled through the
chamber with velocity V}_‘ [%'('t‘)‘r‘(“‘\:‘),a' '5:‘ 't'] and having beon
exposed to pressuro perturbations })' [_i'(‘t) \F (t') 9 t -]

Differentiating Fq. 6,13 with respect to ’{: and neglecting higher

order torms, There rosults:

0. 14

] = - Ly [anok] - plelerjeltn) oo t1]
: P

or oquivalently,

6415
j,g(z,r,ﬂ.ﬂ “’-" ".Z.t.’u f Pleedt] - P'[%(a,ﬁ@,t]/ K(arht) ¢ @nst),
F t-r(er (9-&,):]1S
I+ should be emphasized that in writing these equations, wo are
doallng with a speciflc particle which entors 118 sonsitive time lag at
time {;—’b(a,rlalt) (whlch colncides with stallon § , K ,)C) and which

burns precisely at 1ime ’{', (the end of the sensitive time lag) at slation




- Freand,

A,

Z , 0 , 8B . Thus, in examining €q. 6.5, (4 15 clear that the
prossure perlturbation 1s 1o be evaluaiod at an uppor Limil corresponding
To The Instant of burning, ond at a lower imil representing tho beqginnlng
of tho sonsltlve TIme lag. Wo wlil now see why The quant ity %%' must bo
known 11 we aro Interectad In determining The burnlng rate perfurballon
which can occur al a glvon location In tho chambor.

Lot Y?li denote The propellant Injoction rato, and Mb  tho
propellant burning rate, and now consider the fractlon of Injeclod pro-
pellants burning In unsteady state between statlons 2 and #+vde

" and v 4dr , 0 and Q4dO . Call this fraction thhcuulau-
sumo Thal tho total time lag 'ft(efﬂ,t) which this fraction oxporienced In
reaching 2,V , O (s the somo for all particltes or elemenls wlthlin
the fraction S}hb(tﬂ]&t). Now thls froction was Injoctad at +lme

“kr"T% (%,rye,f;) as a fraction éfﬂt of the Injoction mass tlow rate

M . Thon since The fractlon which burns In time At was Injectad In

1 1me d(f»'tv), [ is clear thal Tho conservallon of mass yields:
SML (Jcm Tt {?-.,'-“.9,“)01(4;9’5%) = St (%,V’.Q.%) dt 616

and honce we must have:

8ML(£*T-¢ (*»"’.9»%)) - 33%(%.,(‘"‘, 0’“ » évh;)(a;'rl{),{;) il

since although T varles wiih locatlon, It does not vary with *time. In
dT

the steady state, EE- vanishos and wo obtaln simply:

3?55 = Swy = const. 6.18

In an Investigation of Infrinslc Instabllity, thoe InjJectlon rate Is constant

and Then we also have:

. — e 6.19
Sme = Smy = b
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I wo introduce C}LJ as the instantancous valo per unlt volume at
which gas fa produced at any polnt in the chamber, then

gmb(ﬁﬂvOAJ = Fcb(%ﬁ)@f} A8 drd 2 6.20

by dotinltion of the burning rate of the fraction consldered. In tho
stoadv skate, thls samo fraction would have burnod botweon statlons #

and & +da , ¥ and F-l—dF n g and é"»rd??" , and agaln by definttion,
its burning rato ls:

Siw (E76) = F & (5,7,8)dd dF d7 6,21

and now combining Eqgs. 6.17, 6,19, 6.20 and G.21 we find:

6,22

re(3,7,0,t)dodrdz = F&(é,?,@)déd?d%f: -%’ﬂ.n&ﬂ}

In words, thls equation says that al a glven Instant of fime t ’
the fractlon of Injected propellants which burns at a partlcular locatlon

£ 3% O 15 a functlon of that fraction of Injectad propellants which

i s

burns In steady state at jocatlon 2 , ¥ , @ , and of the varlatlon In the
timo lag which occurs as a result of the prossure fluctuations during the
coordinating process, (see Fig. 6.2)

Separation of the variables enables us to write:;

»I-Na = e ‘ 0‘_ = S'ﬁ
¢ (2 0,1) (f)(%) s a.é.(z) KP( )%(Q)E‘

whoro ;E - (ﬁ%(gﬁ)

and thus Eq. 6.22 now becomes:

T lisdrde + Gl O EO) et dpirdz = o

Cr
N
ES]

v Az didrdT ~ F d%e(z) dT (ar 0¢) d drds
i 7 e




Lot us now relate the aroa olement prd@dvy  which is The sloady
state arva element, to The area vlemenl vdodr portinent 1o unsteady opora-

Flon. InTroducing the flrst two Egs. 6.6, wo may wrlto:

[ro\r\ . fﬁ v"l"‘[ﬁl'r‘("') 0'(2),t'(#) | dz' 6,25
A ° Wy, [\ r'(2Y,0'2) (2 g

whoro O, Yo 5 90 aro the coordlnates of The polnt of Injection. See

Flg. 6.1 ., Noling that Yo 21 , wo may naglect higher ordor terms and
wrllo:
— + '
¢t :f Vo' L2 !( (), 0'(2') 4 )] Ja! 6,26
’ Yéz« (1)

|
Replacing er by tho separation varlables glven In Eq. 5.1 wo havo;

E = /a Vk(;tu) %,[ﬁ!(ﬁﬂ%[9'(%‘)135{;(%‘)0‘%\ 6.27

V]
Vo vf-g (%\)
Now %,(E ) ls actually glven by Eq. 6.9, bul for the purposes of evalualing

a porturbatlon, wo may lakes:

't‘ z - 4 v (%U)
L Vs
and henco Eq. 6.27 becomos: o4zt

r-F = .’ﬂ(r)%w@sv&j% ’V)V'(E')emsja‘ vﬁﬂwda‘ 6.29
dr o 1\ )
Vﬂa(a

on neglecting second ordor toerms. On Integrating Eq. 6.29 by parts, we ob-

taln, corroc+ to torms of O(M),

t 4
c-r = d¥ (r) _F{;() stcp& V/P(e) jJ,—o e_>f j%')] 64 %0

dr

2 ]

Noting *hat zp =1/ and utlllzing Eqs. 6.6, we may |lkowise show that:




s o Wi oo :trqﬂhugkﬁ;«iﬂ‘M
- - }
e O PR - s

9.

Ty ‘
r(0-8) = W) dB (o)t p o Yl _ s, ..J:‘-.. 6.3)
( — 2L 0 e V&(‘E&)
B sl T g

Dif!oronfiafinq Eqse 6420 and 6.31 wo have:

U 1
dF = dr| 1~ &%{% L :a')} W gEest] o

3 C drv i
5 Sy A i) o !

and rearranging £q. 6.30 gives:

¥ :
A e ]

Taklng the product of Eqse 6.52, 6.55 and 6,34 and neglect ing

higher order torms, we find:

\
FdBdF = vdode [1 - £ %{ h(3)_ 1, ("')6 {5 m}w )}v’e)éﬂa,fﬂs

2

B a4 E(s) ]
L‘i’(«*’)df"‘ - (i ) P i’( )d@q’

|
I
|

and then Introducing tho Fight hand side of kq. 5. 8, wo finally obtaln:

e J ' Ty
' Fdadr = ra@ar[wﬂa Mm{ )t sl m%wr ()é‘]a.%
Now Introducing This result back [nto Eqe 6.24 we find:
‘ dVe (2)dz & .‘%G&) W) B0)est da = 6,37
- dE . d ¢ da'
C.J;....VQ(@) C{Eﬂ | + & Sln\'\(po{ Z-.-j':...(.?)- 1.{5,?6)- 2 V i.“)} q'/( )%(@)eﬁ]
i LS ? i xda!
- J_\Z_!? (E) d3 .".'.:E(%prno [+ '&‘ Sn\n% ﬂr‘zﬂ) ’v”" fo \Qi @) W(” M ) k
IES fn e
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|
Expanding, eliminating highor order Ttorms and rogrouping,

%-(e)q’(“) 30)estds = - V(a)de + NV (z)dz
dA

3 6. 38
dz d2
+§\V BERTH %{ 2@) ﬁ/m, oa&zi(w;% V() B(o)estde
'3 SL (po
-V (3) 08 4T o r 0,4)
43 o

o 4 :
Turning our attontlon, we procood to an axamlnation of i~ as given by

Eq. 6415, From our separation of fhe varfables, wo may write:

P‘ L2, not] = Ple) Y(r) & (9)85{2 6. %

]

PLSEASE K ()Xt 0] = 80wk (afe)e s§t-20)

Lxpanding oach factor into a Taylor series, and noglocting products of

porturbations, we obtain:

p! [&r0,t] = (E)¥ () B(8)e ot M\g\mr order 64 4]

terms

P LSOKOXOE20 )] = o[ 5w 4 et

6,42

o+ h\'(jhew order terms

And now subst ttuting into Ege 0415 wo have
it (o) < F Y- Ee TNyt

Therefore Eq. 6.38 becomos:




|
;

s . et )
e it P v e 2]

= "

- o s AT P T gt ol

Bt o oM e e« e on e i -(z..
.

d3 :-,“‘* % A

r & W 5y, %*"f ELEEe svz(e?%)c@(o) et ds

Lot us now integrate cach term from zero to the approprlate
upper 1imtt, l.e. 2 or Z  as tho case may be, since There ls a ono~lo~
one corraspondenco botween 2 and &  over lhelr respoctive paths of in-
togration when tho time s hold fixed. Wo write:

) B(0)¢ st [E 5%:(%‘)0{2' = —«/Cz oé%.(a‘)&a' +{fﬁz%f'%‘)d%i 6. 45

SICLOC PR ? Zele) - @.*W*W} s )bz

NICE DD JE_?LJ# % Pe(¥)) _ ‘PEE(W)]&‘%@% dVz: (21) 2!
° FS ’ { T ;722- dz!

Noting that v?("»‘) EQ = 2;(0) we obtaln:
[L\«) 1’“) @ St] z(%) - ( \/;z V:a (?)\ o

l\}/(b 9)@5'& :}[ L ,ﬁ; 5k F % w Yo “5’%(%')} dViE(.EsM?

Sy 73 &2
¢ o 47
.‘-w 5 —.-L- & nal"(e E w% %‘ |
[ 2e{%-Flfoe ™ foa
From a Taylor oxpansion, 3
\72(%) = Vg (2) + "%’?(5) §E~§} oo 6. 47

and hence by analogy with the one-dlmenslonal trealment In Ref. 18, pagos

F12-113, 11 may be shown that:
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Va(e) - Vy(2) = dP(5) Q?(a)éfa V! 5, (2) 0 e
d2 o V:g"(t‘) 6. 48
- N ff P [z, 8'(2) £z )Jda‘d ,
§ P Vi) ’
i
7 s i. %u
< BOTv0 3t [ peve G
P i‘ d'}.‘ \/2% ( ‘)
- M f{ ‘/’(a')esfa Tt N
P Vea(2)
S0 that on Introducing the tatter into Eqs 6,46 wo fInd that the factor
kP(P)%(@)QS may be eliminatod, Henco,
‘o 49
(2) - ja N { ﬂﬂ) - m (-u Q"ST('E'; ,'
%"'(‘%‘D:"' N P }é E§. J )d?; " :
hi 'dz! |
() Vs (=) S% %')e“ ) X f em a1
" -@ B ) % G *

}eSM

9

g V(2 . Yo p-sh(au z dv%(%.)o,.i_,
7 7] dz!

And now after Intograting by parts and analyzing the orders of magn ftude of
the rosulting torms, |1 may be shown, as in Ref. 18, That upon discarding

terms of O(M ) or highor, the romalning terms are:

E® o[t [1- e"s’f’(”‘”)] dVs () 42" 150
QOO 0 %?,9:” ‘ dai ’
N i 2) "\7%% P(z) =§T (%)
- & e dVa (2)
s* Tl &
when 1t s assumed that
b4 e Lod¥ 1 dz,

\?00 ! R / $0° 2 4 5% a ) \ rm
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1o Solution by [teratlon

p(r) ¥ 2ale) ’

(n Soctlon b, we dorived expressions for wzzn 3 7
ﬁ/% ) O -"0‘
§;~%§“) and {éih) which are glven respoctively by tgs. 5.51, H 52,
o Yo
D.5% and 5.65. Wo must therofore examine the order of magnltude of the

following Intograls which appoear In the aforement lonod exprossions.

j: ¥ E(2) S'O'm St pstn (2-2')d2!

~!
>

(* 3 F() s Asasin (2 -2)de!
<

F v 6(e) SR fsrsh, (o) de!

. |
[, xUE) R o

Whoro E y F ’ G y and U are dof Ined through £qss 5,32, 5.35 and

(2 -2')de'

S.4l. Resirleting our attentlon to the case S = 0(1), Snh = 0 (1),
an Involved Torm by term analysis shows that for fhe purposes of ovaluating
the four Integrats In 7.1, ¥F y EF ’ ¥G and YU may be consldorably ro-

ducod to:

(E(2) = \3-%) Va(e ‘fz’f’j‘ 7.2

YF(%‘):; KQ ) 2{!\/3 __,,)4“&%(%
¥ & (2)

1t

%& /:}(y Lﬂéc@." -2 Valz) b’i/a(%')

2
() = Uaf) ¥
%
wmoro () = %{o-z 'ﬁg‘\‘) [,__e~s’f(en) ‘%(ﬁ‘)a’a‘

Is the first term In Eq. 6.50.
ALl terms which do not appoar expllcltly above, yleld contributions of

O(Mz) or higher after Intogration, while those terms which are retalned
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yleld contribulions of O(M). Furthorimoro, 25'\/ , YU ’ h’M and X dy

8 d#

are also oach O(M) and henco we may write:

,' ‘f’%) e ccsl’\«] s"+s‘§::‘h o4 om i
¥ a(z, e, ok . ,”"*—-——
___.“,7’:(__ = S+ 3 V)h ‘SW\"\ SL+thL1 z +' 0(M)

by o

S
¥ P (2) t Y
7S c.oslm]s TSah & 4 om
While oxamination of Eq. 5.65 shows that +ho entropy torm fg:
T 7.4
Ké( ) =0
to

This suggests That wo take as tho zoroth approximat jon correct
49 ’

to torms of 0(]);

((f‘g) )M = coshy s™pgth 7 I

A\ - N .
(40)° - - G oy o
@ ’ S

. ( Efg_gﬁﬁ’)‘”) . ’“&L cosh{ g™l 2

L %33

0

S (Eﬁ.@))(ﬂ) = 0
Y

and These may thon bo used In the evaluation of those terms and Intearals
ylelding con*ributlons of O(M).
Wo note that Eqse 7.5 constitute an oxact solution for tho special

caso of zero Mach number, since In that Gase, There |s no combustion and the

equations colnclde preclsoly wlth The acoust|c solution. |f we replace tho
oxhaust nozzle with a closed end, so that fhere is no outflow, then F$é~2d
Y 1

must be zero at 7 = Ze=l. . The phenomenon s thus roduced o the

class|cal acoust|c osclllatlon In a cylinder closed at both ends, On setting
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- ('W and )\V\x’\ ‘\J ohe Sinh L_ = Q we obtaln the
olgonvaluos
| L2
= m* 1T 2 5
w = sV\h (m:'of"‘)‘}g"“) 7:6

V E

which are characlorlstle of modes of acoustlc oscillallons In cyllindrical

chambors,  Slnce we have taken S ™ (W | fhose oscillallons must be noutral

LG 2

with well-dofined froquencles glven by Eq. 7.6,
I combustlon takes placo, and the Mach number Is thon small but
| finlte, two modiftlcatlons occur, Flrsl, Tarms of O(M) mustT now be
j consldered In evaluating the perturbations, and furlher, the boundary
| Ccondltlon at Z = Ze for neutral osclllatlons |s no  longer glven by

| Kz%ia a O, bul rather,

%
| ¥ Vae i J% fe + 03 sen Pre 4 C %e .o 77

T A A @ Z

Thls relallon was dorlved by Crocco In Ref., 14, and |s The
oxtonslon to three dimensional flows of The general solulion oblajned by kim
| In Ref, 5., Tha coofflclents Lff, GEB and (2,z3ro complex functlons of the
froquency, mode ( Swh ), and The nozzle geometry, and the pariurbations

‘ at the nozzle entrance must bear The ampl!ltude and phase relatlonshlp

alvon by Eq. 7.7 If noutral osclllatlons are to be maintalned. Wo strocs
that, In our case, we could not logltimately feke E%ggg m 0 (closed
[+]
! and) as a boundary condltion even If terms of O(M) were neglecled In |
Eq. 7.5, Hence, since we have a new boundary condltlon al 2 = e |

It 1s clear that the values of W for noutral osclllatlons must now be

dlifferent from the acoustlc solutlon, Eq. 7.6,

0 l.eaving W for The moment as *he unknown elgenvalue to be de-
termined lator, we wil| now sel down The expressions for the perturbatlons |
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which wilt be used in conjunction with Lg. 7.7, First we noto that:

¥ M (2e) =0 7.8

YW (Re) = ivie L‘%‘ﬁ

¥ Y(2e) = wn["“’*( g-sT()) P(2) ¥ (w)dz' - tVie %
o K2 9
571"1" ¥ U(ze) = §1\g\_\;\ Voo Yre
du( ) = \_/_{l_;_‘.;»_ c‘f (wfo
S

S L @
whore ‘these rosults are obtalned as a consequence of Fq. 5.6 und the fact

that combustion s complote at 2 = £ so ‘that
dV&(?e ﬁ@ e) = OIZI,@L% (2e) =0

Letting 5 = (w (Investigation of noutral Instabillty), in-

froducing Eqs. 7.5, evaluating the Integrals at an wpper limit 2 = Ze,

and mak Ing use of Eqs. 7.8, Eqs. 5.5, 5.52, 5.53 and .65 bocomo:

( %) ) - ICOSL‘FEQ + *w\j,::;:‘“"L Q};E(a')smkf(a-a')da &
"2"%{"& sioh{ze = i (¥ ¢ Fla) corh | (2-2) de
% gjﬁh j’m y G (#) ain\“mf—_'(%“ﬂ‘)da‘
v 2shh [T vU(z) cosh{ T (2-%)

| (Wﬁ‘-> " N,ESW\L\F 3“5%{ "‘w(%‘)coshf (22)d 710

...xvzec,nslf\{ﬂ?_'e_ = _S,_»:\h Vag coshy |

+lw Sf ¥ E(» Loshp(? 2yde' + «Ff F(2) siahy{ " (2-2')d
_3‘,\\4“@\&6— coshy ' (2-2)dz’

Pl () (% 0U(e) sioh T (a2
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KA 7.1
2o
F\\T‘ﬁ.’_,_mﬂ..,, SOL § E(2!) s'mm}w1 (w-2')da'
PS8 YR R) wth T (eee)de
+ Sl L fﬁaxé(a') Sinhy{ (2-7')da'
W‘i i o
+, o %b ( g -’U(%‘) COJ‘L‘)\‘-—-_" (‘2"‘%‘)0"2‘
() 2 ¥,
(‘i{%@) = = (y-1) %\/M E_)j sinh{ | e .
\ 2e ga' da" v
b g y v odVe \
Ve L e ™ e V() eoslmr“' Ee oy (%')da
:2._' JE”
w1 5“ w . = |
= @' 'te Va(¥) ) < ﬁ! b el
V'\’«Q 9 \/‘*2.() W\t" &
where as a consequonce of Lge 7.5,
¥E(2) = (a”x)wﬁﬂi Va(2)) sinh {7 2! 7,13
¥ (2) = mﬂ-‘(|...€:-tw“¢(%‘))whr—~wauu(iﬁ ot

da"
=(v-1) Va %‘)005hr 24 ‘ﬁ,‘_/)( ')FSMV\FE
(G@) = = =
m/ﬁ(%')wmr gl - %'-2;,"7.: Va () sinh {7 2!
XU(%‘\) = -- V:& ' COSI’\\J’—‘-I ?‘\
G sﬁh = {~wh+shh
Wo absorve that when W Snhy Then, 'J L (’,'\IW'L—' §h
nd cosh{ " = cos {wigium
s '\! = (s \[‘WL'-Slh\m
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Tho rosult of this first vleratlon is correct up To terms of
0(M) provided that & and Swh are 0(1). In principle, ore could pro-
coed with additional iterations, howover, Tho net rosult would be fo ,
Introduce torms of O(Mz), a rofinomont which is not required it tho Mach

number |s sufficiontly small, In The neighborhood of 0.10, say.

8. Solution for the Elgoenvalues

Tho sTabl 1ty problem can be steted as foltows: for a glven
chamber geomotry, disteibulion of combustion, and oxhaust nozzle, will

an arbitrary perturbation of the steady state conditlons be amplified or

damped?
But, Tho steady state dlgtribution of combustion Is roprosented
P = ”:\
by Vg(%) slnce q: m %;L- , while Tho unsteady effects of combustlon
[

are roeprasented by the dlstribution of the senslitive and Total Time lags

T(2) and T (2) , and by the Interaction Index P . Honce, stated con-
L cond v neew

cleoly, for a given V@ % niCg 5 Lfl ,<E5 , &, and 7L, will ar-
bitrary porturbalions be amplified or damped?

Mathematllcally, the answer to this questlon is glven by analyzing
The real part Aot s e Ay SZ « In praclice, we nead only
dotermine tho neutral condition undor which A changes 116 sign (“Am w0 ),
# ’“‘“’ s

The stabl 1Ty boundary. If Vg. » Tt ,ﬁ; ’ (]5 and (S,, aro flxod,

noutral condltlons will be possible only when a certain relaltion Involving

ﬁf and ‘the Interaction indax M is sallsfied, and further, theso neuiral
osclllations will take place with a well detormined frequency.
Equation 7.7 reprasents ‘the functlonal relationship bolween The
Tthroo quantitles, and since It s complox, il corresponds to lwo real
oquations. |f for simplicity we assume thal the sensitlvo time lag Is

Tho same for all elements, Then wa have Two rotations botwoen The three
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e -

quantitios § , Nooand W y whoro g is tho crilical valuo of The

sengltive Time fag. This means thal for a glven value of M. , Eq. 7.7

will dotermino tho valuos of the TIme lag S and the frequency W for

which noutral oscillations can be obtalned. In olhor words, Fa. 7.7 ropro-
y 14

—

sents The charactorlsitic equation for the sol of olgenvaluer §  and
W . The most convenlent procedurn, howover, Is to proscribo the value
of W and solve for The elgenvalues Y, and S compatible with
neutral osclllations for Thal vaiue of W
Now Introducing £qs. 7.9, 7.10, 7.11 and 7.12 Into Lg. 7.7

and Introducing The notation:
E. fﬁcxﬁ(a‘)coshp(%z‘)da‘ .|
kg f‘a“ ¥y E (2) smh{ " (z-a)dz'

it

} £

Ge = f..ﬁelﬁ@(&') cosh{ " (z-2)dz!
G = J-Ze (2) sinhy ™ (z-2)dz'
Ue = f:t Loshr-‘

Us

111

;22. \{U(.&\ SW\\"\{' "E\)di’.‘

0

\jc, = S:a COSl"l'\rmm‘ (&’E‘)'VQ(E') 'COSh\—m—w‘ E'C’i':l
e S S‘ZQ S\V\h«rﬂ(%*%‘)'m\h(ﬁ‘) cosh{ z'dz'
Re = ]% c:os%rm('ﬂ""i‘)/ﬁ(a‘) sinhy " a'dz!

Reg = JfaﬁﬂhJM”ﬂ(%"quk(ﬂ)ﬁnhd 2'd

L

Al

A e

I,
e

s

e Lk i

=

R e e A N AN RS T
Earddl



wao obluing

h, ’)’L(l -C‘f"\wg) + "‘3 Y s
whoroe \r)7 and "\3 are complex functions glven by:
e, \ d\7 l
» 2 (2')d= 8.3
h, ¥ fo coshy ' 2 o

oy Szt shy (a—z'){):é,osh\j-"’a"ﬁ%(%“)da"}ola‘
+(K @.ﬁn\f\ - waﬁ) SjﬁMShP(E'Ei) Uf lo,osl’)r)zujﬁ\é (zv)dz" Jz.‘\

l”a - [Lg_(l“2Vieﬁ>+ %‘ {QQ“("“')CEGF{}SMMPEQ 8.4

w

+ [th -5+ %_'IQWEQ + “53‘)‘"&] coshd " ze
+ CWEC; + [{f—o\ﬁ + %ﬁ (&)Smiq] E:S
= r?(x-‘l)\/'s + [Lw(y«a)ﬁ; - (r-) @Ry |V

PSR ¢ [ A Bs-w{ R A] R

wr W

L w 3 g
= suh G. + [%ﬁéﬁ + Emﬁm_jklwc Q%Sn\«]Gs,

Y

U l\rm’ f‘fb"'U o+ [zs’*hu‘% +o2Shhi
0 § AT e %Sn%.‘] Ve

/)

(3 L Ny
= (b’""\ C img——w f 9«(3 (W j%& Vs (24) Qoqu rl L é.&/f (E')d%‘
o C‘E‘

2! da "
2 | el
+ FJ e @‘Wf*&e V@)V, (2 sinhy a‘da'}
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Now, wo have domonstrated That lﬂ,_ and L\a are uniquely
dotermined once wo have specifica the rockel chamber goometry, the
distribution of combustion snd Tho oxhaust nozzie geomelry. Hence
Eqe 8.2 0s The final form of the characteristic oqualion and may be

usoed In tho study of the neulral stabillty of a glvon rocket system.

LottIng,
a, = hl']jm l’\gﬁ’ﬁ, - h”’-ﬁ@.'f\'SIW\ L
Ay = ”‘h2’lm L‘\Elm* h?-Re_l’W?,RQ_
wo may eliminate ¥, from £q. 8.2 to obtain:
8.6

q,cwswg + QAn SMWS = Qy

The trivial solutlon W§ = 0, 2T, 4T Is discarded, and
we flnd that the solution is given by tho simultancous sot:

sinw s = 20 o gn A 8.7
' OL.1'+Q7.L

QOS(A)S

il
| 2
l
!i
5
[
1
[
G
Loy
>

and henco,

g«_-_ & [A # 'LKTF] (k=0,1,2..) 8.8

W
Having determined one of tho oigonvalues, we may dotermine the
other by substituting into elther of the equivalent forms:

i L LR LT T PR R —

\"11.;2.@, (I - c,oSwg) - h’LIM SW\U\JS

""hE:'Iv‘m

n

i

h?—‘.[.rr\ (I\"r.OSW-g) 4 hL&Q b\‘V\lUg




.:)2'

e

And thus wo have solved for Tthe two elgenvaluos N and 5 .

We note thal whon the rates of the physico-chemlcal processes
depend on the mixture ratlo; another Interaction Indox exlsts and a moro
compl lcated form of tho charoctlorlstic equation is oblained. 1In the treat-
ment of the enlropy wave instablllvy analysis, It will be seen that
tq. 8.2 Is a speclal case of a more gonoral relatlonship Involving both

pressure corrolated and mixture corralated offects,

Raleg YO Py}

Ot




' Hi. ENTROPY WAVE INSTABILETY

9. Tho Entropy Wave Equations

In Tho provious sectlons, we wore concorned with an invostiga-
Tlon of transverse modeos of combustion Instability, n which the coordina-
TIng mechanism deponded primarily on the presence of lransverse prossure
waves. Although entropy terms were considored in thal analysis, which
cortainly Infiuoencos the resulting magnitude of the interaction index L
and the critical value of tho sensitive time lag 8 y The tnstabitity

itself could not beo atiributed To the prasenco of ontropy waveu, bocause

Those waves must travel down the chambor with The speed of the mean gas

| motion, and hence a consideration of the totel poericd Involved Indicatoes
that 1oy can yleld Instabitity only al Intermediate values of the

chambor frequoncy, i.e. OM} < W < 0(1) + Since The dorived frequencios

wore of order untty and, furihermore could be correlalted with an acoustic

mode, This would Impiy that in our previous analysls, the responsible
agent must be of an acoustic nature.

As wo pointoed out in Section 2, In which we discussed the status
of tho theory, ontropy waves may be formed In elihor of two ways, and if
both mochanisms oxist simultaneous!y, they will relnforce each other.

For oxample, If wo are deoaling wiTh a monopropellant motor,

ontropy waves can be produced directly by chamber pressdre osclliations,

since nolghboring propellant elements will combust to a final temperature
dotermined primarily by The steady state mixture ralio, however, bocause

‘ the pressure |s different, The two sources of gas will each have a different
Final entropy. At any instant of Time, The distribulion of excess pressuro

in the chamber s wave shaped, and hence the instantanecus distribulion of
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antropy production In the chamber [ikowise forms o wave, and Tthis wave
travols down The chamber and reflects pressure wavos al the nozzle exit.
Thus, a ¢losed loop now oxlists and ylelds a mechanism for combustion In-
stabllIty, slnce Tho pressure waves will proceed to genorate new entropy
Waves.

IF wo aro dealing with a bipropellant rocket motor, mixiure
ratlo varfations may bo the chlel cause of entropy wave Inslabllity, since
at These frequencies, The Injectlion system will respond to chamber pressure
osclllations and can produce off-ratio mixtures bocause the oxldizer and
propel lant |lnos can respond differently. In this case, enlropy waves wii|
ho produced because tho cambustion temperaluro will bo dlfforent for
nelghboring sources of gas. Theso entropy waves wlll Travel down tho
chamber wilTh the mean gas velocity and will reflect pressure waves at the
exhaust nozzle which again form a ¢losad loop.

The tolal perlod will depend on the sum of The enlropy wave
fravel time downslroam and the pressure wave Travel time upstroeam plus
whatever Time 1s Involved for the propellant elemont to reach the combus-
tlon fronte (See Fig. 9.1)

In The following socllons, we propose o investigato combustion
Instab i1ty in tho Intermedlate frequency range as it is caused by entropy
waves. We .all therefore conslder the effect of mixturae ratlo variations

as might occur In a liquid bipropellant rocket motor. For completeness,

wo will also consldor the possibillty of obtaining entropy wave Instabilily

in ‘the absence of Injoctor response. The latter may be termed Infrinsic
enlropy wave Instabllity.

In Sectlon 3, wo dorlved a sel of partial differential equations
which aro applicable to a generalized study of combustion instability in

I lquid propellant rockets. Theso are repealod balow for convenience. We
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have as followss

Congeryation of Mass
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2 (P ) ¥ L) () prY

ARG RS e & - R

Conasorvation of Eneray

¥
.&«Vrk "l’\g’;’{ﬂ \ﬂ )'\‘\7* (()‘H'\; v +ﬂz '1“\/ )._.;E*Q..)

Lquatien of State
o ¥ (RYTH 9,4
pre PRRIT

Droplot Dynamles
o\Vﬂ, /Q %( ) 9,5
dat¥
Proplet, Stagnatlon Enthalpy
olhﬂs% . L
et

As wo have already stated, ontrapy wave Instablllty s esson-

Telly a longltudinal phenomenon and hence The following treatment wil|
bo one-dimonslonale We will now let our reference length be tThe chamber

tongth and we take:

ok t:m # W
3 b i « &o = ET'
= Lrvh i N P~—?—-;* T = 9.7
W *
_ég, 2= /4 V = _EL?: Ve =V, A
ARG - A
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The non-=dimensional equations Then hocome:
9 & 2 \ = - -/ a D(p
...‘{Q | E)Z‘J:()\/) ('") - ~ & == ﬂ.vﬂ) 9.'0
ot " D2

%(()V-iﬂ\/ﬁ) " 5"‘_(()\/’“+/3¢sz‘) - “?li g__g -
( Ehi +.V %%s = ¥ aﬁw h h
POV E) - B2 blhny) o

P = /9 Tw . 9, da

f&ﬂé = Egié v 79V@ = (V-Vy
- St Tz s Rk (V-

%{% ) ; l’\ﬂg = Mse = V\}L i %}‘\/ﬂz‘ 9.6a

i

And now wo procecd as bolore by Tatroduclag smal | perturbations. That Is,
each of the depeadent variabies Wil agaln be reprosented by the sum of a
steady state space-varlable and a time-dopondent perturbation so smal )
that terms higher than those Finear in the perturbalions may be neglectaod.
A superposed bar déno*es steady state and a primo donotes a porturbation,
The stoady state and perturbod equatinns fol low directly.

Mass -

77} = = -d /.
ddi(fv) - P o= J%(ﬂzv\fe) 9. 11

D D = W) = ' 5 .2 ! -2 [ = \/ ¢
ForS(pepT = B gy
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o T
% - 'é: * .,,%.,. 9. 4c

Droplaet Dynamics

oW;, = b (V-V,) . 9.5
Z‘l\f& vV ’a\/ﬂ, + V), dVy gk(vﬁ,\/l‘) 9. 5
ot 27 dz
' Rroplet. Lathalny, N B _
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Tho foregolng sot of ordinary and parlial differentlal equations
whlch govern the one-dimenslonal motion of the rocket fluld system durlng
steady and unsteady operatlon, wlll be utillzed In studylng the stabillty
| of rocket motors In tho Intermedliato froquency range whero entropy waves

aroe oporative In producing combustion Instabll]ty.

10, Soparatlon of the Varlables

In ordor to separate the varlables In the governing sysiem

of Iinear partlal dlfferentlal oquations, we take:

1041
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Theso equations are vary simllar to tho results Thal would have boen ob~
tatnad by sotting  Swh = 0 In Egs. 5.26 and 5.27. Boforo substituling
into 'the energy Lauation 9.%, we note that [+ may be put Into the form

glven by Eq. 4.10 by Introducing the oquation of state, |.c.
B G B W pe Mo RE o= ".u
LT ')/)VV] ! aalViP"T["*(ﬁ‘"‘)/’vvﬂlo.a.
= v g P
S < 2 (p
§ 5—& ks m&(/ \/)

Unllke The freatmont of transverse waves In whlch the mixture ratio was
held fixed and as a consequonce \Wﬁs was Identically zoro, the varlalion
of mixture ratio ts now an inltlal conditlon glven by Eq. B24, whilo an
expression for b\is Is glven by Eq. B29. Accordingly, the energy equa-
tlon may be written In the following form upon the Introduction of Eqs.l0.|

and 829 ’nfo qu |0s4a

Eneray
j‘% [\7 i ?-5T +<«-~)f'v‘z»}] +3[ -gf - 5 +(u.ﬂ.)/‘;g,ﬂ'] 10.5
ZON

We note that un!ike Eq. 5.29 this equation has a non-homogenaous term.
We will return to the enorgy equatlon later, and now lot us proceed to
the oquatlon of droplet dynamlcs. 1 Is:
Dreplet Dypamies '

Vg 3“1‘- +(S+ %\% k}@)q = /kji/ B 10:6
Vg (o) = Vp,

1(0)= Yo

and has the inltlal conditlons at & =0




60.

Equation 10.6 has The solution

| (Shk)S%'QEL : (53 )g% dz}
B o A9V v ) Jo (2" = \ Stae) )
V} (1) \/L @ Vo Iu ’,9/‘2_ Q)(g ) e Vg(a ’J% n COV\J'}'
and applylng the baundary condltlon q(w) = V]a wo may ol iminato
the constant to obtain: %.& f 3!
%H pu }"
T e ~(s+ )
o - f 2™ G g B g5
\/,x,( ¢) V,Q(a
On Integrating by purrs, the firat term yields
E ) ftli
[0 K+ B (440 k),

) sy ?
v (?‘ J ﬂz 2! de " |
' (;+,ﬁe) da'% ! T 5d§

whero we have made use of the condition .Z/(U) O .« If wo toke:

,,L dv . < o) Vi £ o 0.8

| ng éyl «

then The second contribution above becomss of O(Mz) and may bo neglectod
so ‘that:
Vl(a): /fzﬁ/(%. Yo szo (“4’2){ V,M') 10.9
s \/z(%)

correct To terms of O(M), and whore we have not yet Introduced Eq. B 22,

The Inttial conditlons at the Injector face may now be written:
2(o) = € (o) = % (o) = 10,10
Plo) = Yo, N(o)= 7 %\& T (w)

These conditions Imply that thore is no production of gas ai the Injoctor
faco and that the |iquid density cannol vary at the Injector face.
Tho following troatment will be seen to paraliel thal glven

for transverse waves except that Swh Is taken oqual to zero. Com-

bining continuity and energy, Eqs. 0.2 and 10.5 and lotting
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X@) = &(1-7) H(s-)p7 2 - M) iy 7
© d2 1011
V(e - Vg =P E - F(1-T)E ~(s-)57* 2
) o ) 2 (,00
wo obtaln;:
d [ v w \/ 10.12
d%(%) TR v m*SX—f%

On rearrangling tho momentum Equatlon 10.3 and taking

W(z) = z(b"V-g; + 7‘/"’:@\?@ é{; W\]"-é- + "

_g’, 1013
Z(?:): {7..&. __(|u"j).il " 7 = "
AR
we obtalin: e / 7?% /0 éJ“ 4 )
d --f--> Z 2 dw 10.14
da(r% tsg =8 Z i

Adding and subtracting terms In Fqs. 10.12 and 10.14 we may
writos

120 s o) ws(un)
il tW) w5 (3 =) =-s(v+ 2)
For convenioncoe wo let:

/—\(%): (%m\/) / E(E;)::.(W‘“X) 10.17
Be) = (dp+W)  Fle)=(Y+2)

and thon Egs. 10.1% and 10.16 becomo:

1016

dh . ¢BR = SE 10.18
b+ SA ==sF 10.19
d
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Wo may o) iminate I$(2) by differontiating tq. 10,18 and combining i+
with Eq. 10.19:

d2A  ~s*A = L 10,20

dz*-
whaore

o= s dE . sF 10.21

o

Since the right hand side of Eq. 10.20 is nol given oxplicitly, use of

the method af variation of paramelers ylelds:
(-
. : \ .
A(z) = - ¢ycoshsz -Ca sm\wsaf— *SLL Hfe) sinhs(a-20)da'  10.22

which may be compared with £q. 5.46 attor sotting  Swh = 0 In tho i

fatter. Substituting for,jb(iﬁ from Eq. 10.21, we may Integrate Eq. 10,22

by parts, Wo make use of the condition
TR Rk M(w) [ 4V
E(e) = Wlo=X[o) = 2, G Tlw) + M ()

which may, howevar, be absorbed into the coeffliclent of 5{angg

and then we obtaing
A@) = 2 -Y = - Cieoshsa = casinhsz o
e .E.

+ § L E(2") coshs(2-2')da'
+ S ff’ F(2)) smhs(a-2)de!

Upon differentiating Eq. 10,23 and substituting back Into

£g. 10,18, there Is obtalnod:

Bz = £ + W= Cocoshsz +Cygihsz 1024
¥

S f: E(‘a—') C,OSL‘»S(“& --%') de'
; -5 [T F(2!) coshs (2 -2)de!

/0
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Let us dotermino The constants ( and Cuo by Introducing the
Initial conditions ot 7 = 0. From Eqs. '0.11 and 10.153, There 1s

obtalned:

NM{e)-"E o 10,25

=

&

~—
it

2/”&0%0 i zﬂ'°V£:‘ J(w)

o

and hence simultancous solution of Eqs. 10.23 and 10,24 at & = 0

ylolds:
C\ oG
. v 10.26
CZ o XS i &&OVﬁg S(W)

and now substituting these results Into tqs. 10,23 and 10,24 we finally’

obtalin:

% = ¥Y - [! + 2 K@Q\zoz T(W)] sinhsz 1027
+ S J% ¥y E®@') coshs(z-2')de’
¢ s (2 v F() shs(z-2)de’

and

fg = “-\6\/\/ + E' + &Xﬁo-\?ﬂ} j(h})] COJ;L‘).S'%: 10,28
- SL% Y E(2') sinhs(z-2%dz!
- sja y F (2') coshs (2-2')dz'

]

These two Integral cquations will be used In the solutlon of the probiem.
Wo must also obtaln the equation for the entropy varlallon In the gas
before we can write down the characteristic equation for the chamber.

From £q. 5.59 we have:

Sp———— ....W‘—'-\J
.
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Rowr [11ng The energy equation 10.5 we havo:

%’é [V{Tﬁo“ 5 F 4 (r-) F ]+ w[vw'?‘??*'(Z"')Pvéﬂm'm
= __:,,).f +N\( ) f"tv(a) (Pv)

D

Integrating Eq. 10.30 and comblIning the result with Eq. 10429,

-0 o [l ) ™
3! dz2"

2!
Xt!v\‘w) Lie“ go VLG’“) 8 S f"t V(i“) dol%\‘/ (ﬁ)dﬂ

so That upon expanding the term In bracko1s, we flnally obtaln:

€ = ~(r-) {7 g [ Ny ) e
N
)

3’35‘% -<‘)_¢.(m¢z)w}
ﬁiﬁ_(ﬂ..f

)
NS TOPRINE 42 ) ds
V dg'

whero for one~dlimenslonal flow:

8 (2t) = 6{'-&)6"?"'é 10.33

He The Burnlng Rate Perturbation

We will now derive a relation for the burning rate perturbation
whon the mixture ratlo osclllates. Follovwing Crocc§ and Cheng, the total
tlme lag T s takon as the sum of a space varylng Insensitive part ?:;,

and a tIme and space varyling sensltlve part T .
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Tel(et) = T(z) « izt ) N

where T s a functlon of the Intoraction indices characteristic of 1he |
propellant comblinatlion. Tho Interactlon Indices may be dlscussed In torms

of the functional depondenca of the factors controlling the rates of the
condltioning processes. 11 s expected that the conditloning processes

WHiT, In the case of a bipropellant rocket, depend to some degree on the

mixture ratlo I . This may be oxpressed mathemalically as follows.

The ovoralt rate of the processes at a glven locatlon are a functlon

F( P,T, i“’%) of pressure, temperature, mixture rotlo and any other

physlcal factor %, . We may expand thls functlion of several variablos

In a Taylor serles about the stoady state oparaflnq condlitlon where the

local values of the factors are F ’ T ’ and 3 Thus, applylng
|

I
small perfurbations P o @ r" and % we obtaln for fhe now

process rate:

FOpry) = L(Fap, T F"‘W‘%W')
= PT, ) +P"““ﬁ T"’"€+w“°"c 3

whore the barred quantitles are to be evaluated at §>=;73 y TeT
¥ =¥ and %} = 3 . Lot us now assume that tho Temperature and
the physical factors are corralated to the pressure and mixture ratlo,

l.0. T= T(P. E“’) " ‘32‘6(})'\‘”) and there follows:
f = f(\ T W %»LQ> A
P \d

where we have Introducod 1The constants:

i e

N, = P. [of , oF of o { 1.4
CF G R HY)
of 9T af | oy of )

( I . 3¢ 3T ' % 523 )

7“»2. =

U Y
4=
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Mow the definltion of tho sonsitive time lag Is:

t
L, fe1dt' = Ea

-T

M9

whore Eq represonts tho quantity of energy roquired fo Initlate burning
at stetlon 2 and timo 't + Tho Integral must be evaluated following
the motlon of the propellant eloment, however, since the propertles of

the propollant element now depend on the mixture ratlo, we observe that

Eo“ s no longer a constant, but varles wlith tho mixture ratlo accord-

Ing to: - |
Ew‘Ea(’*%g-g-) 1.6
v
whero )
9Eq
e 2L

3 " SV Ei; 1.7

Since Eo. 15 assoclated with a particular partlcle, It follows
|
that the perturbation e tﬁ must bo evaluated al The Instant of Injectlon
of that partlcle. Then Introducing Eqs. I1.3 and 11.6 Into Eg. 11.5

and evaluating at time “% §

fﬁ.l.»f [¢() t] { Ex %[y ) 4490, £ [a'(w,fq}dy o
Ea,(ﬁ) { K %%( ) [t-T¢ H)"]){

wi
Since %ﬁ [ %tuif} does not change curling the sens!|tive +Ime lag, but.
rather |t retalns the value |1 had at the Instant of Injectlon, |1 may
be taken outsl|de tho Integral, so that; ¢
o ¢ v da! TRE
™ ou—---'":“m—“' t‘ )
5 % [ t](“; o % ( [ L V [ﬁ" .tﬂ(?,un d
t T [\ _z [ =il {’T

= N, T ( )U' [ W,]
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upon neglaecting hlgner order terms, Subotituting back Into Cq. .9 we

find:

T(t) - T(I) = 'f(%){(%pm,)(%)‘)ﬁ“@cﬂ 0

Now setting:
M= Ny -, .12

wo Identify the latter as The Interactlon Indlces and obtaln:

t _%' [&k), t]dt +WZ~(€)(.§')E*"TE] .15

Y(at) - %(3) ;_%; )l

%xr(a«,t)

This oquatlon reflects the change In the sencitlve tlmo lag
from Ifsvsfaudy stata value ﬁf(@) for a particle which beglins burning
proclealy at time %; and statlon @, when [ has boen Injected wlth
mixture ratlo parturbation r"; [‘te’l’g(a;é)] at time t-Te(@,t) and hos
traveled through the chamber with veloc|ty \/}z" [g'(t‘)'t'] and has been
axposad o prassure perturbations FD‘EE'ffﬂif'j.

Diflerontiating Eq. 1,15 with respact to 'ﬂ and naglecting
higher order torms, there roesults:
dT (k)= -2k f p'at]-p [a!({:w’r)lut-?'(a,f)]z + m‘"f(s).d;(.;t:;f) [t=T¢) 11214
dt P dt{® /o

Following tha treatment In Sectlon 6, wo observe that for ono-dimenslonal

flow £Eq. 6.17 bocomes:

gvi/\b(%'t) = gmi[j:—’l‘t(%,f)] %_' = g‘-g(%'“} IRE
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whore Srhi and 8!§\b aro the fractional injoction rate and fractional
? burning raote respectively. Since the Injoction rate {s no longer a con-
stanl, Fq. 6419 doos not hold, and Instedd we conslder SW\( to be tha

samo getmotric fraction of M{ as anc ls of M{ » That is;

éM( & S (
M(: .(;(:)—': Iln'() 1
Utillizing Eq. 6418, wo have |
“ . --‘ -“‘.‘* /
Sy = MU Sy = iw(l_‘;,ﬂ NN INT
nﬂ L an

and then Eqg. 11,15 bocomes:

Sm(%,thgrh,,( %( )[{ Tt%{-)] (a-”( 11,18

upon neglecting hlgher order ferm@.
Introducing 49 as Tthe Instantaneous rate por unit volume at

which gas |s produced In tho chamber, we may write
’ - .19
Sib (2t) = P(zt) dAdz
by definltion of the fractional burning rate. In the stendy state,

thils roduces to:

G (£) = P (3) dAde a0

Hence, combining Eqse 11418, 11.19 and 11.20 wo flInd:
b(et)de = b3 )‘M”(“““W Tefat)]- d.z*(m} 1.2
- This equatlon relates tha rate of burned gas generation at a glven In-

stont of *limo f, and locatlon # o Tho steady state gas generation
at locatlon P » The variation In the time lag, and The osclliating

InJectlon rate. The effoct of the oscillating mixture ratlo |s of course

included In g% 5

Soparation of the variabies enables us fo write:

$(2t) = $(=) + %(z)eﬁ .22
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: : whoro J“‘ (E) = j*\é
| Thus Eq. 11.21 becomos:
JV(? jde 4 % wettde = A (3)qF 1,23
d7 d
4 9,"._‘7_’.(5?)(;“ ‘..)[-hu- Te(et)]d5 - W (3) IT (,8)d3
dz mi dz = d

Before integrating fhls oquation, lot us oxamine the expressions for
dﬁuéﬁft) and ( ) Cé ’Tf‘] Starting with Eqs. 1l.14 and
dt i

B 24, we obtain upon neglecting higher order terms:

driat) = - ;’%- { - p! [§,t- 'z'(%)]% 1124
%
+ mz(s) 4 (j:_) [{;—"ﬁ(é)] + higher order ferms
dt U@ /o
Simllarly, we may evaluate the mass flow perturbation as:

(m‘t‘) [t-Te(2t)] % (%&)[‘f*ﬂ(i‘")}

Subatituting back Into Eg. 11.23 wo obtaing

Heyie + @letde - gg(ﬁ)ﬁ .
. _ o
- %(%)(%ﬂ;)u “Te(a))dE 4+ 2 m';-«- 4t (ﬂ{ P(%)- [§/:é,7:s(a):)y£%

I1.25

dz

And now lel us integrate each torm from zero fo the approprlate upper

F - M d_.\{ (2)° (‘%) J’( ) [“L“;it(i)__] + L\‘gt’\ﬁr order terms

Fimlt, teoo 2 or & ; while keeping the time flixed.
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& J o st o & v ' J
[ e @)e ! - - j 4V (2)dz' - Ldv(z‘da .27

da

+ La (“@.’“ij")[{-P['t(’“)]j-’;?(%')t’z‘ + ﬁ _%L {P'("*')” p [Elt__fg(a\ﬂgg(y)gﬁ

v

Noting that V(o) = 2(0) =
. ) i ’
8«(%) oSt = .. ( V(z)~V(E)) + }f(*@#)H«’?&(v}]é}f@meﬂ"28

L g

AR ﬁP(%)“—P [ 869, t-7ay T} d00e
- wEe) (5, tongen e

Wo may ol Iminate the torm v(@ = V'(E) by a Taylor axpanslon, seo E£q. 6.47,

If wo can flrst doformine & ¥ o Slnce Ege 1145 may also bo written:

] TRV ; 1,29
/f {: [L ,'L (2')J dz ﬁ‘ Ea_(ﬁ?)
; V[, t(=)]

where % Is the spatlal locatlon at which an elemant burning at & entors

[ts sensltlve Time lag, we obtaln for tho steady stato:

? Fda d i - 11430
!E % B
jm ¥w )) = Ew(é)
¥
f v, (2
But -F(ﬁf) Is a constant, and hence we may splift the Integral in Eq. 11,320

Into three parts:

I % g? de' 1_(& olja‘ 4_{5-”0(%‘ %: Eaz) -3
Fue) e V) h Le)
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Upon neglecting higher order torms, we may writoe;

(? ' fet) - §(3) IE dz'  E-2 0 Lm
£V, 0 V(8 e ) V)
and substPtuting back Into £q. 11.31 we obtaln:

H;(it)—?(i) +f &, i } c Bll)  ma
v, (%) £V V()

Now Eq. 11.8 may be rewrltien In the form:

i J; % E %,%[1',1;'(2\)] "L [E"t’(ﬁ')]?

dz |
\/L[‘ﬁ'f'(i')] 1,54

= FEo(% )%l+‘7’l3<.ﬁ.) [t- ’Z‘tzt)j}

and then combining Eqs. 11.35 and 11.34 and rearranging, we fInd:
& - E = %(E t f ) " ; ' ﬁdﬁ
VA (‘E) V.€.< E) } \/A (E’.‘)

- Sw%g(r‘) [t- ‘Tt(w)]}wz (l+%.§[&‘,‘c'(%‘ﬂ 1.3

+ N, o [2'4(2)] - [ ()] ) da' }
N %(a') V(2
L s [ ] o

whore we have made use of; VQ,EZ','&‘(%‘)] Vﬁ(&\) Vx,(?«) .
The Term Involving §..§ may be ellimlinated by Introducing the

dofinltlon of the Insensitlive time lag:
j? b2 . T, = j? dz
= = I1.36
o\, [#V ()] o \’,/E, (‘*-') ’

On splitiing the second Integral Into two parts, there follows:

§<i£) ::E“ z:;.) IE cla\ ) [s__ﬁ'iimm QJSE V£|@l’t|(%,)JJ2! .57
i R R e Rt




Substliuting back Into Eq. 11,35, utillizing the definltions Eq. 11.12, and
comblining terms, wo finally dorive:

g_{:%f = f% W Ef’_"%'(%‘)]d%‘ - ’)z,/ p' L't () 1da !
Vg () 0 () : P T (2 " 45

+ M ( L ) [L- Te(xl) ]f: \%,?;)

This equation yloelds the shift In the burning statlon from the steady state
locatlon 2 for a particuiar propellant eloment Injected at t+ime %”'Zt ;
There are three contributions to thils shift, The first term on the rlght
hand slde glves the effect of a changa In droplet velocity, while the second
and third terms correspond to a change In tlmo lag due to pressure oscllla~
tlons and mixture ratlo perturbation,

Infroducing Eq. 11,38 Inte Eq. 6.47 there results:

v(%) & V(E) = %(i) VJZ(%) 3 J'% \/’é\ [%l';t'('%l)]das

O Ve (+) 11,39
| U &
._%j pLEEEI Ty ( )U - “]f% & }
£ V(e o

and now substituting this result Into £q, 11.28, we obtaln the form;

G e)es - f[%{%wt) »}t}[f( )A-EE]} 4 { )[ﬁ ()

mi
2 (L-Te(e)] | £ 00 1
"\7(;;\ SL 2 '?7‘“])\ EAIE WE (2 )( ,«) [ %(E)]
IR }

o Vp* (LW
On examining this resuit, we observe that the perturbation in the gas flow

]
conslsts of the contribulions of two groups, each conslsting of three terms.




Tho {iret group of terms may be callod the Timo~wise contribution, and ra-
presents the effoct of The perturbations In the local burning rate, which in
turn Is due to the variation In the time lag due to The pressure oscllla-
Tlons, the Inltlal perturbation In mass flow and the Time rate of varlalion
of the mixture rallo. The second group of terms, which may be called the
spaco-wiso contribution, represents the affect of the displacement of tho
tocatlon whare a given propollant elemant burns,

And now using Eqs. 10,1, 10.9 and the results of Appendix 8, and

then dividing by 9 e , wo havo;

(R eR) e [ Ea) e ST AT (s
¥ = ""F"[ o - £ LEeh]e ](w )

v (F = 1 o=STE®) 47 (o
[ gmm-«mr(a)fﬁ(m%e 7 ()

v Vi g eX0 .41
tVy (i)%%"% flgie * 48 - (ST (@)
dx & PLPQ V.Q,(’?;) mz}(%)?(w)e

(st k) o1 j"“ de"

boe) 1y gfa)lle €O B0 % e
gols fa V‘,:“(%)—*ﬂ () S(Q.) s e

Thase terms may be simplified by consldering an order of magnltude analysls

of The six parts which contribute to the source term, The maximum |ocal

v

valuo of .rm. lo assumed to be O(1), and In additlion, It Is assumed That
e
¢
L & 2 )l

= L d2 o g 5
e pt =l — 2 s 11.42
{Po ' i ! o 4 Y)O d% ' (ﬂ‘)dﬂﬁ ( \ |

We also nota that If G-(W) , H (\,\)) p :T(w) und M(m)) ara each 0(1),
| : . \
Then Appendix B shows that l;* ’ —Qﬁ‘ ’ E@ﬁ- and hﬂs ara oach of the
m; Voo
order of a parturbation, which 15 In agreement with our understanding of

those torms,
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(r 4 s
Since Ja i (%Qd} must Intograte to a quantity of O(M), no
mattor how large g%(eo iv locally, on taking a Taylor expansion In %Ki» p

wo may show that the flrst torm In Eq. 11.41 becomes:

* A -S;E'(Q') (ﬂ o MZ
"LL %;) /:|~e ] e + o b

where the Intogral yields a term of O(M). The second term In Eq. |1.4] is:

4 o= mee)slap} a0 < (5 Fe ™ menat ol

and Infogrates o O(M) and cannot be slmplified. Noting that:

T (P . sfs die - <%(2)
J oile J . 202 = - f? ue) = |-ent T
£ N V2 (2')
the third contribution to the source term becomes:
7, @) av(t) fn __(__ [ —s’?!&)] « O(M?) .44
which ts of O(M). The fourth terms |s:
= i - - 4
V() %WM”rmG/w)e T = o)
On integreting The fiflh term by parlf wo obfm}n
t g" 2l
VQ ('I:’) é_.ﬁ') /k.r g.% j_/_i_) S [-1 ‘/L(an) =
S o “, V[‘"(a' 2 ! o
/@ 2(z) O’Zﬁ‘) -V, (2 O'V(% kv d [ 206 )/-‘i[sse@'@)]d%
23 W) 53 ’?()d%'("\?lﬁ')%% gl .
whore the bar represcats a proper mean value 5o that when $ = 0(1), the
f1fth term bocomes:
b ve) dVp) v o(my
s ¢ de
And now taklng the last lTorm, wo have: “Lm~ N d
a2, o rt . LW
(%) da( Ju j(\)\))“\é&g_ (-ka)]o Vj (?"“)e 5 VIL(‘:H)J“E\
o Vg3(17?; L (v b dar gy
r— ! o= B 1 = Q " ,5
- Vﬂ(’ﬁ) i\ﬂi)\]’(w) lohe"s fo \71(*')} E“g“" V,z(t)d%e
d2 o VQ (,zl)

which ts of 0(I),
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SubstHuting these results back Into £q. 1141, we have:

) o Q@) + f: {H (w) - MT(2) sG{wﬂg e iT (%‘i{_‘{(%')da'

@,
+ Vy (e) (!;\7 _’/1 ‘fl&) [‘_l—e“ﬁ(?’\)] A0
d2
-V9,( )A\/(11 774,’["(%) k:r(W) - ST (2) {Q 2{5) jv (2)
2. A a
— ) v L et d - 8 g
& VL(%) j-%\{(%) j( SL V(a') (= e 4}650 '\“;ia'(;u) da!
Ao

Ve 3 (2")

2 =1 = (|6
Q)= [, A [1-™ ] e

whero

and all terms of O(M?) or highor, have been neglected. We concluda fhat
under The present assumptlons, i%ié) s of OC1) locally, if iY(e) 16
i% de

12, Solution by |toration

In Sectlon 10, we derlved oxpressions for 3%%;&)) S%g%), and
5E(2) ° 3

& , which aro glvon respectively by Fgs. 10.27, 10.28 and 10,352,
2

We must thereforo oxamlne the order of magnltude of the follewling Inftegrals
which appear 'n the aforementloned equatlons:
2 3 ( ') %l\V\‘f\ (E. i‘)d%'
VER) ¢ sh ©

@ 12,1

)% v (2) S0 s(2-2)d!

whero E(F) and F{a')ara dofined through Eqs. 10,401, 10,13 and 10,17,
Restricting our attontlon to the case S = O(1), an analysls of the contrl-
buting torms shows that for the purposes of evaluating these Integrals to

within torms of O(M), we may take:




/6.,

- 2' da"
VB ) = (3-0) () L2R) 4 wMlg S 7 e

N ) o a"i‘-' 12.2
(F(2)= ¢ QR + ( H{w) = MT (2 sGlw) e_”'cf(wg/ﬂt?(a")dz"
AR ’ " )
-Xvﬂo T‘W) “ \}'g“(}') v )'J'\‘/( [) {5 ‘:_{7..;') d%u

“(X i) (&‘\‘/’( ) - TR (a0 (i V;(Z)
4 K‘-gi/),é(% ) 2(2!) fl }(VL(‘%') "(’;'; igf-(az)

whoro &
yo | - d%m
_\_% j& 3 ~V;g J(W)J Mo vp(em)d%..J? é)JV Sftvfiz')'f Bl
) v}( ( Oh‘-‘

and CQ(&Q has beon doflined In Eq. 11,47, Wo nolo That both F:(EQ and \/(ﬂ')
which dopend on.%%}Q are locally of O(l) bocauso of the contributlon of the
o
term glven by Eq. 11.45, bul upon Intogralion this form goes to 0(M) since
Fj.g(*')& & 0(M), and consoquontly F(ﬁ') and Y(E') must domonsiralta the
same behavlor, Thus all torms whlch do nolb appear explicilly In Eqs, 12,2
and 12,3 ylold contributions of 0(M%) or hWlghor after Intogration, while
those which are retalnod Ylold contributions of O(M),

Sinca Vg, = O(M), the product /)hvﬁj" J(W) Is O(M2), and

Eqs. 10,27 and 10.28 reduce to:

{f%ﬁ) = ¥ Y(&) - sinhsa + s f% I:K E (=) c.osms -2! ]d%' 12.5
j “«F/a') &m\/\S E‘L E'):}Ag

(p(.___?:_) = - ¥ W(2) + coshsz »-55 [g E(x') snhs (2- '&)]dg 12.6
s L- DF (2') wshs (z—z')]da'

i

where from Fgs. 10,11 and 10.1%, we hava correct to O(M):

¥Y(2) = vgj - ¥ V() "‘:f) +o(M) = o) 2.7

a

sW(z) = 2 e) if.rpfr) + O(M*) = O(M)
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And now since S\V\\/\ Se L Svw 2 and (.oshsig: cofwWa we may

rowrite Fgs. 12,9 and 12.6 in che form:

%”(M = ig'.‘g?.) - Sinh s2 +0(M) = fgf%@,mmwe 10(M) 12,8

N4 (?:) = coshsz 4 D(M) = cofJw2 + O(M) 12,9

white oxaminatton of Eq. 10,32 shows that the ontropy term lg:

Ké‘(?.’.) <

P e =z O

@ - (') 12.10
4]

Thls form of the oquations suggests the following lteration procodure .

Flrst neglect The Ttorms of O(M) with respect to  taerms of 0(1), and Then

utlilze the ze-oth order scolutlon to evaluate the higher ordor terms, The

resutting zeroth order snlutlon ts:

’ 0 (o)
) = [40) - s

Yo

correcl to tarms of 0(1), where from Eq. 11.46 the term which 1s locall; of

(2.11

.

Ol s
e = vdrl p (M
(4000 - ) ) e U kI
Po dz o ‘VE (-E')

As we polnted cut In Sectlon 7, when the Mach number |s ldentlcally zero,

¥
there 1s no combustion, wj%g—) = Q0 , and thero |s no outflow, so That
=}
Egs. 12.11 colnclde preclsely with the acoustic solutlon. That s, the
phenomenon s reduced to the ono-dimensional osctliation In a cyllinder

closed at both ends. At tha chambor exlt, 2= = I, so thal the corresponding
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elgenvalues sallsty the oqualion:
(213
w = MU <W\ﬁgb|'1,3..”)
charactoristlc of organ-pipe osciltlations. Furthermore, the oscillalions
must bo neutral at thoese well-defIned frequencies.
I'f combustion occurs, and ‘The Mach numbor s small, but dlfforent
from zero, terms of order M are added into Eqs. 12.8 and 12,9, hut of

greater slgnlficance 15 tho fact that the boundary condition at ¥ = 1,

3 no longer given by EZﬁ@ = 0, but rather by:
o
12.14
¥le . b(v\\/ ('0@ +/2 \/ ¥€e
l,Do 70a

This relallon is the one=dimensional form of Lq. 7.7 derived by
Cracco In Rof. 19, (see Appendlx A). We note that (dy and v oare com=
plex functlons of the frequency and nozzle geometry, and hence |1 follows
that since we have changed the houndary condlitlon, the values of W for
noutral osclllations are no longer glven by Gg. 12.13, oven if terms of
O(M) are neglected. Leaving W for ‘the moment as an unknown elgenvalue
to be determined later, we may now sot down Tho equaitons for the perturba-

tlons which will be wrilized In conJunctlon with Eq. 12,14, Flirst we note

Eg :ﬂ:e) R’Va( (P)M 12,15

that:

¥Y (2e)

H

Q

5N JO' cosu) ! ["" e“sf(”] j (x)da'

T N‘: {H(W)—?’L’E(i‘)s(}(w)k -$T(2!) dV (2)d2’
o de!

it

o V@ cofw

( §LZﬁ% ) (o) = -2 é Vé S‘V]UJ

UVJ(%Q) = 2§@
¥
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whore theso rosults are oblalned from Egse 12.7 and 11,46, and the fact
that combustion is complote al 2 = Za =1, so that dv ) = 0,
de.
Evaluating the integrals at the chambor exlt, wo obtaln from

Eqs. 1245, 12,6 and 10, 32:

| B, B
(Y;ﬁ’e)(') = v Y ze) - Lsinw 4 (WL [¥ 3 )(-a‘)corw(\~i"):]diit 710

cw [, [ FOR) siw(i-2)]de’

(L)) o W (ac) s conw oo [ (3 E% e .

[5]

= (w ]o‘ [F (=) cosw(1- 2') | dz!

@|dﬂ”

1€ \O o d Wetsiow - (Lowl T m

| f%'._d.it_'l
bz S oWl Ty ) w W"“*"“i"’“'“}

b vy £ L #
YM{w) (1 LB d2t (AR gy
+ I ( J e W\)Sl, V'Q(%“) €LWS| V(i’:") J.._gi(@,')da

ZS’TU(%‘)‘ 9 P(x') o)
and 11 Is noloed that (‘”}5" and ( ‘”33“‘ are glven by kq. 12.11

Q

©) » (0)
and aro to be utllized In evaluating the Integrals of ¥k (é? and ¥ F (i')

wherever applicabije.

15, Dlscussion of the Characteristic Lauatlon

Wo may now slate the stabllily problem as tollows: for a glven

Injector, chamber geometry, dlstribution of combustion and exhaust nozzle,
will an arbitrary perturbatlon of the steady state conditlons be amplifled

! or dampod?
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NotTo That comparlson with Sectlon 8 shows that several now factors
havo been Introduced into the mathemotical formulation. That 1s, the eteady
state distributlon of combustion is slill determined by (76&) » but now in
consldering the unsteady offecls, due regard must be Taken of the Injection
system geomelry and characterisiic time (L , and also tho effect of the zicond
interaction Index M . The rovised statement of the stablllty problom thero-
fore becomes: for glven &, V(%) p ?(‘3),,'@(%), X ﬁv\ , Moand 7, ,
wiil arbitrary portuibations be amplifloed or damped? As boforo, wo will
detormine tha stabll i1y boundary, l.e., wo will solve for the neulral condl-
tion N =0, §= (w .

b ,V(E) ’ ’ft (%) ’ K and /Sn aro held {Ixed, these neutral
conditlona are possible only when a certain relatlon Involving ;f(a) and  the
Indicos M and 2 1s sallsflod, and thoy will take place with o wol) dq#nr-
mined fraquency (AJ » Eqe 1214 reprasents the functlonal relstlonship botween

the four quantitles, and slnce It Is a complex equatlon, 11 represents two

real equatlons relating the sensitive time Img’f{i) and neutral froequency (A

to the Indlcos M and 2L . For simpliclty, wo will suppose that the sens!lve
time lag Is the same for all propollent elements, where 5 represents the
critical value of the sensitive time lag. Thus for glven values of W and 71 ,
[+ Is possibia to determine the values of the Time lag g- and The frequency W
for which noutral conditions can bo obtalned. Eq. 12.14 |s the characteristic

oquation for the sel of elgenvalues S and W, However, as Indlcated In

Sectlon 8, the most convenlont procedure |s to prescribe the value of W,

spnid

and then to look for the elgenvalues M, 9 , and & compatible with
noutral osclllations for that value of W .

Now substituting Eqs. 12.16, 12,17 and 12,18 Info Eq. [2.14, we

obtaln, (see Appendix C):

h\qng = \f\z%(lwe"wr—) + l"a

IB-' v
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where Lﬁ\ . t\z and Lig aro complox numbors which are a unlque funclion

of the frequency ance the rockot chamber goometry, 1The Injectlon and exhaust
systems and ‘the distribution «f combustion have been specified. Thorefore

Eq. 15.1 15 the final form of The characteristic equation of tho rockoet
chambor and may he used 1o Investigate the stabitlty of a glven rocket system.
Note that This equatlon Is somowhal more complicated than Lq. 8.2.

Separating the real and Imaglnary parts, Eq. 13,1 becomes:

r o~ % 15,2
M hige = %[Iﬂma(\-coswg) T S1NW§ ] + hare
M S hitm =N [%7.an(l»cosw8)+l%ke simwéf] + N3 1m
Essentlally Thon, we havo two simultaneous oquations of the form:

—{3\(%,%/ S,w) =0

£, (mm, 5 w) =0
Lot us flrst oliminate 70, and then we obtaln the single equation:
b 3.4

by (l-»Cosz) ~ by sinw §

13,3

n =

where EN b and b » are roal numbers and are constant for a glven value
y ey 3

¢ of the frequency,
bl = h!RQL“EIW\ - h\IwJﬂBRQ 15.5
’ bz. = \"\l'.f.m\ﬁ':,?qe, - L\lRe \’\zlm

bg S \’HIW\ \'\'LIM + \’\!Re\'w.,w,e,
Wo can Investigate the behavior of %1 In the ws plane. |t |s Immediately

noted that 7 must be a perlodic function of wé . By setting the denomina-
for of Eq. 3.4 equal to zero, we may detormine the values of W for which

N becomos Infinite. We have: B
3.6 ;

\97_ (l- Cowa:’ = bg sinw &
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Since M, has a periodicity of 2T {n the u)g plane, wo may. confino our

attontion to the reglon O & W& § 2T . Solufion of Eqe 136 ylolds:

e

ws 2 2K (K=o, ) 156
as well as:

wéd = B (3.7

'L b'z_

where 03

cos B = b l k:z
= 3 13,8

sinB = 2 by by

b+ ba*

Since \*'COSUJg approaches zero faster than s\nuug M, will tend to
infinity with the sign of '197493 as UJS approaches zero from fthe right, and
N witl tand to Infinity with opposite sign as ulzl approaches 2T from
the left. Hence (Mg = 0, and ng a AW constltute vortlcal gsympTQTss for
9, . The third vertical asymptote of 7L Is glven by Eqs. 13,7 and |%.8.
Examination shows that 7L must approach Invinity with the same slgn as at
the origin fo the left of this asymptote and with opposite sign T§ the right.
It N is a continuous functlon, I+ must take on a stetlonary value between
each palr of asymptotic values. The fwo values of uu§' tor which 7. is sta-

tlonary may be determined by setting -42% =m 0. Accordingly,

d(ws )

by , F
| by Sinw = bycoswd | =0
[by (1-coswl) = by sinwd 1* [ s 7 ]

ond hence assumling that b. Is not ldentically zero, and that the decomlna-

159

for does nol vanlsh, we find that 7L Is stationary when

bysinwd = b3coswd 13,10
Thore are two solutions to this equatlon.
¢ b -
CoSW| = 31
- \lbi’"‘\'bfa




and cod "‘)S 2

A
S
&
o>
r}
1
H

~ba

o e s s 3 O

: 2 2%
'{L"z. + b3 15,12

e

it follows that wg|tmul wél will Ile in the flrst and third quadrants,

or In the auconJ

Figuro 15,1 and

and fourth, respoctlvely. Theso results are pictured in

It Is cloar that 1+ we wlsh to obtaln the mlinimum valuo of 7L

compatIble with neutral osclilatlons at a glven trequency W, wo may take

-

elther g\ or Sz 15 glven by Eq. 13,011 or 15,12 and substtute back into

Eq. 15.4. 0nly yhe posltive valuos of A have physical signlficance,

oot

With these values of 9, and 5 , we can also substitute into

—

Eq. 15,2 and obtain 2. Thus X, 2min and 5 may be detormined as a

functlon of W,
Lot us

ceod by allmlnati
o §

where
ba

bs

slnca the denomln
can vanlsh only w

when uu§ w O or

oxamIne the functlon Qn(&jg) moro closely. We may pro-

ng 9 from Eqs. 15.2 and we obtain:

Howaver we have &

hance

w"g*'“’ UJS""?«TT

B b{b~COsw§) - bs ﬂﬂng
— .
by (1-coswd ) = by sinwd Sl
| \/\1[3&\'\3-_[,“ — sz:thRe_
i 4
= Narehspe + hatmbize 13,14
vlor of Eq. 13.13 |s elther tinlte or zero, WHS(MJS)
en The numerator vanlshes. The numarator vanlishes
2T, but fhe denominator |ikewlise vahlshes there.
@en +haTlﬂCMuﬁ wll] vanlsh faster than sW\uJS , and
| 3 3 b
%rv\ ms = mmé = 2%
b 15,18

|
|

T el
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' Bul since (Ss. 0, at wg =0, wo find M) = 00  with slign -br-’i , while
c ‘ w Ls
a - 2 ” "T - o )

The numorator also vanlshos whon W& s glven by:

' T ba* — b
sl o ALl |
: 1'3/'.!."" bs" 13,16
! S'W'\ WS = 7.bﬂbs
5 bq ++ bg* 5
Since the denomlnator of Eq. 13,13 doesn't vanish at thls value of ws , In

et

general, and slnce S Is finlte, M vanishes at most only once at the value of

| w8 glven by Eq. 13.16.




IV RESULTS AND CONCLUS IONS

4. Numerlcal Computatlons

Slnce we are deallng with a |lnearlzed analysls, all modes of
osclllatlon, Including the standing wave and travellng wave forms, can
axlst simultanoously and Independently. However, all modes have a unlque
frequency for a flxod geometry and hence may be Investlgated Independently
of each othar, The computation of the stablllty limlts for a partlcular
rocket metor proceeds dlrectly once the chamber and exhaust nozzle geomefry,

InJectlon system and the steady statoe dlstributlon of combustlon have heen

"dascrlbod, as dlscussed in Sectlons 8 and |%.
P Thus, by way of illustraltlon, a typlcal procedure would he as
follows: spaclfy
(a) tho chamber geomotry, length and dlameter,
(b) the Injecllon systom,

(¢) the subsonle portlon of the oxhaust nozzle, and

(d) the steady state dlstributlon of gas veloclty In the chamber,

In connectlon wi** the above items, |t |8 noted that the drag coefflclent of
the droplets jﬂ , Wil dopend on the droplaet dlameiers and hence on the
InJectlon syatem, [tem b, as well as ‘he viscosity of the gas, It Is
sufflelent to spaclfy only the subsenlc portlon of the Delaval noxzle, ltem c,
$ince the flared supersonlc portion has no effect on the chamber osclllatlions.
And finally, we note that since tha descriptlon of the combustion process |s

obtalnad equally well by prescribing elther the burning rate, or the veloclty

dlstributlcn, for convenlonce wa may proscribe the latter taklng care that
the axlal component of tho steady state gas veloclty |s zero at the Injector
ond, ‘and has a vanlshing spatial derlvative at the exlt end of the chamber,

! Thls last condltlon must be met |f cne wlshes to satlsfy the requlrement that

combustion Is cemplate within the chambar,
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Roturning to Item b above, I+ Is obsorved Thal many dl{ferent types
of injJoctor rasponsa are included in the analysis of Appendix B, Including
for oxamplo:

(1) cavltating venturl InjJectors,

(11) matched Impedanco Injectors, and

(L) mismatched Impodance Injectors.
An Idoal ecavitating ventur| Injectlon system would, of course, have zero
rasponso to chamber pressure oscllliatlons, and hence rosult In the followlng

stmpllflcatlons:

G&(UJ)C'V. = |4(\N)c.v. g :Y(UJ)c.v. = M(wW)ew, =0 14, |

[f we deflne a matched Impedance InJector as one for whlch the mlxture
ratlo alone does not oscllliate (minimlzed entropy wave offects) when the
chamber pressure osclllates, then the analysls of Appendix B shows that the
two condltions which mu 1 be fulfllled are:
Qox = Q@
[ Ve pte Yox = L9270 )

[ only The flret condltlon In 14.2 Is satlsfled, then the oxidizer and

4.2

fuel llnes wlll have the same phase lag, but the Injector wlll noevertheless
produce an osiclliating mixture ratia. Thls result follows because the fwin
conditlons of equal phase lags and equal amplltudes must be met,

The relatlonships in Eqs, 4.2 may also be expreossed as:

PP\ ax = PRF

o , -\ i p e
P I A
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whora as beforo, the subscripts ox and f rofer to the oxldizer and fuel

rospoctlively. f all threo conditlons are satisflod, Thon:

G(Wwa, = MWy, =0 4.4

to whthin terms of O(M) .

Thus, for cases | and |1, £q, C 21 shows that LN s ldentlcally zero
and hence Tthis means that when the mixture ratlo s constant, the charnc*arlsTlc
Equation 13, | can be reduced to the same form as £q. 8.2 even when there is s0me
other form of coupllng hetween the chambor and the foedlInos., Case |11, of
course, corresponds to The general case of a bipropellant Injection system
with arbltrary relative phase lag between the oxldizer and fuel |lne and
arbltrary amplitudo response for each |lne.

11 1s neted that for sufflclently high chamber frequencles, the
functlons G-{Ld),H(W),J(w) and M(w) are negligible and h| agaln vanlshes.

Thus, to summarlze, the charactoer!stlc equatlon of The chamber reduces to
the form glven by Eq. 8.2 when the mixture ratlo Is constant, Thls condltlon
oxlsts genorally In a monopropellant motor, and In a blpropellant motor with
an Injector corresponalng to cases | or |, and also as Just observed, In a
chambier In whlch only high frequency osclliatlons are presaent.

Once the propellant injJectlon veloclty Is utlllzed In solving

Eq. 4.1l for Yl(%) , Eq. 5.7 may be rearranged to glve:

Vg () .
slnce 0\ = AV . It Is the ssible t dluate all the Integrals
slince /?56 th /%2Vé it hen possible to evaluate all the Integral
leadIng to the datermination of The three complex quant|ties M\ g L\L and ng
as a functlon of chamber fraquency, and then to determlne the stabllity Iimit,

of the chamber as given by the elgenvalues M, N and S . In closure, It Is

remarked that the complexity of the integrals used In evaluating Ln, hz and L\g
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procludes any but numerlcol evalualion of These funclions.
Lel us now conslder the ‘two rockel motors dof ined below:
Chamber No. Typo * i - % i
Vi re L Ze a4 Vae /(-»:S‘u‘o |
| Short 2,000 2. 000" I 000 0. 846" 0.1 0. 728"
2 Short 2.,000" 2.,000" [.000 [ 150" (01%4 0.9]0"

, wherae Zsub ls oblalned from Ea. A 9 for K = [.00 and whore The steady clale

| dlstributlon of chamber veloclty Is glven by

o < P+ S 0.2 e Vo =0
) ’ - v%‘
| 0.1%, & 2 & 0.5 Ze Vo = e (z-o0.22¢)
0.3 e
Obde © 2 = Ze, Vz - V'Z‘.Q,

and whero & = 0,15 for  Vp = 0.05 (See Flgs. 4.2 and I4.1),
4
Since wo have already oulllned all of the fundamental concepls, solved
for the elgenvalues In Impllclt form and brlefly dlscussed tho procedure To be

followed in evalualling all of The component Inlegrals, we noed merely remark Thatl

we wlll Investlgate the flrst fransverse mode for which — Seh = [.84129, and
Then The values llsled In Table 111 follow directly, Nole Tthat for all Those
cases, Vh , 18 doentlcally zero. Theso results are ploetted In Flgures 14.2
and 14,5,

[f we examlne The curve of 9L versus W for chamber number |

( Vlc = 0.1), we see Thal thls curve does nol oxh(bl1 a minlmun; however,

H .
It the values for »wL and »W3 are exlrapolated oul To a value of W = 1.50,

' Then There s obtalned:

W th& "\'l-:[m l"&.ﬁe !”lBTW\ n g
|160 Oo|48 O-OI72 £ 0\-55 0-38 3000 2!97
I 50 0.155 0.170 ~ 0.46 0,425 5el4 3,46

¥ A qual lTatively coerch bul not rlgorous procedure.




and it 1s observod Thal 2L takes on its minlmum value ol approximatoly 2.99
in the vicinlly of W= |65,

Examination of Flgure 4.2 also shows that the curve of 7L for
chamber numbor 2 oxhlblts a minimum of 2.44 in the vicinlly of (W = .84,
Henco, o comparison of The resulls obtalned for These two chambors seoms lo
Indlcate that whon the chamber exhaust volocity is fargor, the stablllly
Fheit T¢ smallor, which moans That the susceptiblility of The chambor to
combustion Instabllity 1s thon greater. (See Flgure 14.%) We furthor note
that tho mintmum 2 occurs at a different froquency for each of Iheso
chambers. That 1s, The chamber with The highor exhaust velocity (at The
nozzle enlrance) has a higher neulral ftrequency for minimum 71 .

A very Interosting result Is oblained In an Investigation of
fransverse mode Ingfabilily whon due To some pecullar combinatlon of ovents
in The c¢hamber, The complex quantity *\ g3 vanishes ldentically at a glven

chambor frequoncy. For such a situalion:

sy ¥ oo

hz_%(“" & =0 14,6

50 Thal ellTher

n =0
4.7
or i
hane (1= 05w 3 ) = haga sinwd =0

c 14.8

2 Im (\«cosw:?') + Nage sinwd =0

or both hold true simultaneousty. Such a solulion Involves a cerfain amount

of Indeterminacy, however, some general conclusions may novortheless be drawn.
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LE Lquation 14,7 holds alone, then & is indotorminate. Tho

o

stahllity Timit 1s then glven by the horlzontal line ¢ =Q In The ‘M, S
plane. Since Tthe 7L of any glven propellant combinalion Is generally flnlte,
this would Indlcale that combustion Insltablllly can exist al that frequency
for which LWS vanishes, regardless of The value of the sensitlve time lag,

Now, The simultancous solullon of Lqs. 4.8 yinlds:

& : 14,9
(= 2 KT
w

(K= 0, 1, 2, 3.04)

and In this Instance, Y. 1s Indoterminate. The stablilty Iimil may then bo
Interpreled as The vertlcal |lne §"= O , Inthe N, E: plane. This
solution impllas that 1f a glven propollant has a zoro sensilive Iime lag, then
comhustion Instabl Ity will exisl at the froquency at which V‘s van | shes,
regardloss of the value of Ihe Iateraction Index 7L . Thus we caﬁclﬁde that
the condltlons thal male Vﬁs tend to zoro, promole InstabllIty.
[t The behavior of V12 and V]B , al frequencles above or below The

W for which L13 vanlshaes, 1s such thal /7] znni'g ara both nogaTIQe, then
the chambor wiil be unstable for those frequencles. This follows from the
def Inltion of the stabil |ty boundary, since when tho computed olgenvaliues are

both physlcally unoblalnable, the amplflcaltlon coolflclient 44“ Is then finlte.

15, Gomparlson with Experiment and Conclusions

tn this section we shall endeavor To compare the Theorellcal resulls
presontad In the maln body of This Thesls with published experimontal data.
Wo have doveloped a theory for a compliox physico-chemlcal phenomenon hased on
a hypolhettcal model of the combustion process. The Justification for such
an approach restdes In the factl that not too much 1s known about the myr|ad
factors which Influence the behavior of the entlre system. However, fThe

valldity of our approach can bo assessed only In fterms ol a dlrect compar |son
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belwoen the Ironds prodlcted by The theory and the resulls oblalnable fiom
exper Iment.

fhe primary conslderatlon which prevenls such a dlrecl compar [son
s the facl thal 1he theorellcal treatmenl preosontod here is for Ihe stabilitly
of o rockel system agalns!l dlsturbances of small amplltudo (appllicablo o The
onsot of combustlon Instablll1y), while the majorily of published results
doal with the fully developed Instabllily characlerlzed by non-|lnoar effecls ;
e luding shock waves and vlscous damplng.

Because Thils sltuallon was rocognlzod by Crocco some Tlme ago, an
expor Imental program, supported by the Burcau of Acoronautlcs, Dopariment of
the Navy, has boon under way at tho James Forrestal Research Centor, Princeton
Unlvorslly, for the spoclilc purpose of studylng The dovelopment of combustion
Instability tn Ilguld propeilant molors. A comprohonslve Troealmont of the
oxper lmonlal findings 15 glven In The recent work of Matthews (Ref. 23).

SIncae the major part of Mattthews' work deals wllh Tho oxper Imental doler-

minatlon of he combustlon TIme lag In motors operalling al essontlally

conslant mixture ratlo, wlith a modulated propellant InjJectlon systom whilch
produces a low frequency osclllation In Injectlon veloclty and propellant
flow rate, wo cznnol make any dlrect comparison wlth his work. Addltlonal

oxpoer lmental effort along Tthe [Ines of The Theory developed here 14 ¢loarly

required, before such a dlrect comparlson |s feas|ble.

In any case, we must |ook olsewhere for a verlflcallon of Ihe
analysls.  The accurale determinatlon of quant|lles esclilaling al high
froquencles |s always a dlfflcult undertaking, however, aslde from flow
visualtzatlon, the quanl ity which Is porhaps most easlly determined is The
froquency of chambor pressure osélllaflons. Thus, our Theoretlcal rosults
may be compared with experIment wlth regard to 1wo separato moasurements or

observallons, the gas motlon, and the chambor pressure frequency during
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uns teady motor oporalton.

Let us begin with the motlon of a gas particle. 11 Is of some
fnteres! lo first sketch the mades of oscitlation al an axlal station for
the values of  Sal glven in Fg. 525, This may be accompl lshod by noling
that al an axial station, the perturbations In ges veloctly and prossure

may bo wriiten:

t
V-i‘.' ~ :f,q (SnM“) cosnP e‘w

V("\ ~ 9.1‘11 (Sn\’\(“) Cosn @ ewt 4

dr
\
Voo ~ J.M‘f“(s”h'".) n Smnl e e
k

")\ ~  Tnlsehr) mm@e‘wt

The skotches shown In I'lg. 15,1 then reprosent the Isobars and the Instant=
aneous dlrectlons of the gas partlcle moltlon In a tangential-radial nlane,
at a glven statlon 2 at timo 't « In ordor to conslder whal fransplres
as the Fime tncroases, we observe Thal The result depends on wholhor we have
standing waves or traveting waves (or both) In the chambor. Standing waves
may bo tdenttfloed by the presence of stallonary nodes or nodal dlametors,
fndlcating that two Irains of waves of equal amplltude and frequency, but
out of phase by 180°, have fraveled past each other contlnuously. Such a
sltuation Is possible only by The process of wave reflectlon al the boundaries
of the rockel chamber.

The standing wave form 1s castly oblatned by noling that Increasing
time progresstvely reverses the pattern of particle mollon and changes the
algebrale sign of the excess pressure, so thal when urt = TN, The motion

Is completoly reversed and a prossure dof iclency exlsts where there was an




oxcoss, and vice=ver sa. Al W {‘ LWV, Ihe ot lginal piclure Ts rostored.
In the lraveling wave form, or spinnlng form, Fhe pallerns shown
In 1Fig. 191 can rolate conllnuously, sinco tqs. 5.1 can also be weillen In

Ihoe form:

. (wl i no)
Vo' o~ AR (swhi) € il 15,2

Vr"\ b da"’\ (S,“hr) Q (‘(W'L*'V\Q)
dr
Vo'~ Talsonr) o (wt 4nd)
-

\)‘ ~  Tnltahr) e

((w{ + n@)

and It Is ¢cloar Thal Tho tlme for a complele revolullon is glven by

4&1: = %JEEL o we restrlet o oroaltontlon To The firsl langent|al
moda, and note That The partlcle veloclly |s superposed on a moan gas mollon

'v% y The resultant particle moltion may be skelchod as In I'lg. 152, In
which the gas propagates axlally as I spins, so That the mollon of an
Indlvidual gas partlcle 16 somowhal |lko a corkscrow. The numbor of complete
rovoiullons That an Individual gas partlclo makes In the chamber can be dotlor-
mined oxactly by censldering The Lagranglan derlvallve of The parllclo molion,

however, an approximale value s glven hy:

wl

e e 18>

27N Va ol

B
i

Note that if Thert were no mean mollon, as In o cylinder with closed ends,
all tho gas In the chamber would ellher "slosh'" or "spin" simultlancously al

overy axlal statlon. It Is also observed thal The |lnear|zed analysis permlis
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e shnul lancous extstence of any conbinalion of slanding and lravelIng
waves wilh arbltrary direction of rolatton.

In The experimontal Investigalton reported In Ref. 15, probe
microphonos wero ullllzod to determine The froguency and The ampl|lude and
phase ol The pressure osclllalions.  On the basis of Tholr measurements, The
authors clalmed that the first transverso mode could bo delectad In The
standing wave (sloshing) form. On The olher hand, slreak photographs have
been taken through Transparont stlt windows by othor Investlgators (see
for example Rot. 21), which indlcated the presenco of a retallng lumlinous
zone whlch propagates on a hallcal path along tho chambor length. In This
parTlcular caso, the authors slale Thal thelr exporimentally determined
froquoncy ls approximalely That of the first Iransversoe modo.

Those results glve crodance o Tho possibillly of obTalning both
standing and fravel Ing wave forms during unstoady operallon of Tho com-

huslion chamber. Our analysls anticlpates Tho results oblained by (roquoncy

moasuromonts slnce wo have already obsorved thatl the frequency of noulral
osclattons W as dotormined by an actual solullon for The oigenvaluos

W and -g s wltl have The same order of magnitude as Tho value ol w)
givon In Lag. 7.0 (The exacl solullon of the wave oquatton In a cylindrical
chambor wllh closed ends). 11 1s further noled Thal since The oxporlmenlal
value ol The frequoncy durlng unstoady operation is vory noarty ¢glvon by
l'qe 7.6, some Investigalors havo assumod Thal The gas dynamlcal behavlor
of tho chamhor can be adoquately doscribod by The classical wave oqual lon.
This assumplion obvle sly overslmpltfles the actual stalo of affalrs.

In concluslon, v remark Thalt slnce The charactoristlc equation

of & gonoral rockel aystem has now been solved Implicitly, for two lmportant
mochanlsms capablo of producing |lnear combuslion instabllity In the high

and Intermedtate frequency ranqos, this solutlon may now be used as a resvarch

TS MAR et
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Fool In which a broad invosllgalion of the benavior of differont roeckei
motors is made. [n such a paranelric favesligation, the suscoplIblllly of
the rocket moltor To lransverse wave or onlropy wave Instabll Iy can be
dotermined for difforent

1Y distribullons of combusllon

’

2)  chambor geomelry

LI
~

fnjection sysloms

A4)  oxhous!l nozzlos,

In view of The compllcalod form of the solullon, 1 1s unllkofy

Thal The genoral behavior of a systom will bo eslablishod withoul a major

of fort along the lines of addlitlonal numerical compulallons.  The lwo

;' | numer lcal cases Trealed hore represonl Iwo of The moro Inferesting rosulls
whilch havo already beon oblalnod In Ihils program of invesligallon. Greal
ditflcultles woro oncounterod during The couwrso of performing the compulallons.

Negative resulls (unintereosling values of Tho olgonvalues) wore oblalned In

& numbor of cases which were therefore nol Includea in Ihis presentallon.

1 1s folt That The two cases which are Included In Fhia analysis are
lypleal of the rosuits which may be obtained In an analyllcal Investigallon
. of combugtion Instlabllily.
§
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TABLE |

Computod Vaiuos of Throe=Dimensionai Nozzte Admittance Coofficients

The following are held constant ¥+ 1.20000
K = 1.00000

Suh = 1.084129

8. Ny = 0+10000

a3 £ 30 o P e MAmb eI

ngla, {\ft\.M B J% PH;SQ .y uft \j%Iwﬁ_aﬂ

07500 03276 25839 rad. = 0a2779 0. 1758
1.0000 02538 2ef506  rad, - 0.180% 0.1400
1.R500 061318 2.4388 rad. ~ 01001 008567

O T TRV 0 MW

W-tua, NB l 3 Phase @ Re %..LM

0,'7500 0.5651 00850 rad, - 0,1811 ~ 0,858
1.0000 068079 40982 rad, -« 0,00062 ~ 0.5278
1.2500 0.2409 4.5085 rad. - 0,097 ~ 042270

st S L B ans . T g

Wiy G Cthae  CRe  Coim

067500 016063 3.R1700 rad. - 01650 w (40889
L.0000 01025 2.8142 rad, -~ 0,097 0.0529
12500 0,0826 2:3590 rad, -~ 0,0444 0:041"112




¥ - 1.20000

¥ - 1,00000

b VE QM 0. 20000 Sh\‘\ =1, ”4129

i A T T S P S S i S

Why A Aphase ARe Az

0.'7500 0.4273 €.B0R0 rad. ~ 04085 0.1454
1.0000 0.3425 2.7630 rad. = 005185 0.1264
1.2500 0.26085 2.0400 rad, ~ 0.2450 0.0769

JURSURPSUR PRI -

w#i% 192 1 D Phase B e %Im

0,7500 045098 54100 rad. 0.5891 - 0,5806
150000 064508 51420 1 ad, 0.1878 - 0,41056
L.2500 0.3874 4,888 rad, 0.0677 - (. 5014

o

Wy \C.A C. Phase C Re, C«If""

0,7500 08245 3.5900 rad. = 00,2920 - 0,1415
1.0000 068135 542450 rad, = 0.2120 = 06,0820
1.2500 0.1438 29246 rad, ~ 041405 0,0309
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TABLE T

Computed Values ol Oné-pDimonsional Nozzle Admittonce Coefficionts

PRI

The following ara hold constant; ¥ = 1.2000
K« 1.0000
S = 0

a. Ve =0.10000

UU(:\W \O<V\‘ ®n Phase on e, ol e
0 0,1.000 0 rad. 01000 0
0.,0500 042509 08315 rad, 01017 Q2115
0.1000 02473 Lel&55 rad., 01069 02250
041500 06539 12453 rad, 061155 0.5545
0.2000 0.4639 12950 rad. 0.1R75 04460
0.2500 0.5715 1.3203 rad. 0.1417 045657
045000 Lel 175 13539  rad, 0.0623 1.0865
0.7500 1. 6399 12932 rad. 0.4496 LaS7'71
1.0000 e 1301 12430 rad. 0, 06877 Ra0R&4
145000 5.0121 L1422 rad. 1eR520 Ro'lB95
. 25000 4.3098 0.9789 rad. RedH20 54 0420
3.0000 4.9815 0.9147 rad, 5.0100 5.0080

e

Wiy [ An) [An Phase /3n Re /3 T
0

0 0. 5000 3.2852  rad,  0.5000
00500 = * 1 "
01000 = " - _
0.1.500 - - &=
042000 = = " =

" 0.2500 0,4795 607145 rad.  0.4040 - 0.260%
0.5000 004660 5.0460 rad.t  0,1600 - 05860
07500 0.53429 446029 rad. - 0,0574 - 0,540
1.0000 0,2329 5,076 rad, - 0,1379 - 0.1870
J., 5000 0.1054 3.0257 rad, ~ 0,1047 - 0,0122
2,0000 0.0255 16873 rad. 0,003 - 0,0253

*iaterpolated




b, Ve, - 042000

w Fig | ol | KnPhase 1A A Phase
el J , ,

0 01000 0 rad,  0,5000 GaLB32 rod.
0.2500 0.4153 1.2947 rad.  0,4851 H.8766 rad,
0. 5000 0.8012 1,2662 rad.,  0,428]1 L4802 rad,
0.7500 1.1684 L.RR12 rad.  0.3678 5.1062 rad.
1.0000 15110 11618 rad,  0.2909 4.7023 rad,
1.5000 20042 1.0408 rad. 0.1506 4.2469 rad.
2,0000 - - 0.,0624 4.12635 rad.
245000 2¢94060 0.8445 rad. - R

¢ Vg 045000

wﬁ.'g\, | o | o Phase |3l [P0 Phase
| /

L4
0 0.1000 0 rad. 0.5000 62832 rad.
062500 | - 0.4862 5.9644 rad.
0, 5000 06275 162124 rad. 0.4596 56549 rad,
0.7500 09153 Lel6O6 rad, 0. 3915 5.8742 rad.
1.0000 1.1760 1.1064 rad, 005264 51252 rad.
1.5000 L6160 0.9700 rad, 0.2072 467700 rad.
2.0000 1.9650 0.8500 rad. 0.1268 4. 6570 rad,
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Rosulls oblainod for the 1wo chamber s deflined in Seclion 14,

Chambor No., |

- srasirt o

W hiRe i zon hyre 3t 7" ¢
1.7000  0.0402  0,0173 - 0.6273  0,3226 3.0196 2,5509
17500 0,1361  0,0173 = 0.6666  0,2085 3,0770 2411609
1,8000  0,1319  0.0168  « 0,7032  0,2557 3, 1628 202733
1,8500  0,1278 0,070 - 0,7286  0,2265 362606 2.1667
1,9000 0,237 0,000 = 0.753h  0.1962 363667 2,060
19500 061196 0,0159 = 0.7727  0,1683 3.4839 1,9668

Chamber No., 2

w g e e hazm M 5
17000 0.2306  0,0502 - 1,1833  0.3870 2.14789 2o4201
L7500 0,277 0.0487 - L1750  0.3280 2,145L0 243092
1.8000  0,263L  0,0467  ~ LAGTE  0.2769 2,Lli70 201993
1.8500  0.25h2  0,0bh7 = LedBHl  0.22308 2,114,085 2,0932
1.9000  0.2L57  0,0436 = 1,450 0,157 261623 2.0077

1,9500  0,2369 0.,0401 =~ 1,1316  0,1412 2 TTh - 169102




Page Ne. 103
VARIATION  OF COMBUSTION TEMPERATURE

Tc AND SPECIFIC  IMPULSE lsp WITH  MIXTURE
RATIO <

FIGURE 2.1
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SOLUTION OF EQUATION 4.11)
FOR PROPELLANT DROPLET DYNAMICS

FIGURE 4.2
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ELEMENT

VOLUME
FIGURE 6.2
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SCHEMATIC REPRESENTATION OF THE MECHA NISM
FOR INTERMEDIATE FREQUENCY INSTABILITY

FIGURE 9./
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INTERACTION INDEX N, VS @&
(SOLUTION OF EQUATION 13.1)

FIGURE 13.1
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INTERACTION INDEX N, VS w O
(ALTERNATE SOLUTION OF EQUATION 13.)

FIGURE 13.2
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CHAMBER GEOMETRY AND STEADY
STATE VELOCITY DISTRIBUTION

FIGURE 14.]
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S THREE- DIMENSIONAL ($np =1.843)
ADMITJANCE COEFFICIENT OF a
LINEAR DELAVAL NOZZLE, AVEwp, |
FIGURE—A1—] S
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ONE-DIMENSIONAL (S,4,=0)
ADMITTANCE ~ COEFFICIENTS
OF A LINEAR DELAVAL NOZZLE

FIGURE A4
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ONE~DIMENSIONAL  ([Snh=0)
ADMITTANCE] COEFFICIENTS
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APPEND TX A

Suparcrlcal Osclllatory Dlscharge of Converglng-Nlvorqing Nezzlcs

Tho osclllatory discharge of convorging=diverging nozzle operalling
in The suporcritical range has been Traatod by Tstoan (Ref. 6) and Crocco (Rofs. 7
and 19),

Tslen's troatment was ono~dimensional and was restricled to the
caso In which the osclllatlons In the Incoming flow were isothermol, Further=-
more, hls solutlons ware oblalned for very low frequency and for the asymplotic

caso of very high frequency. Of These, the latter of The two Is beyond The
range of applicablllty to rockel motor escillations, whlle tha farmer s not
sufficlently general. Therefore, CGrocco extondod +thls treatment lo the general
caso of longltudinal and Transverse non-lsothermal osclllatlons, and ho
obtalned s 'utlons over the Tull frequency rango of Inferest,

Wo have used the results obtalnod by Crocco ag the houndary

condltlon for fhe combuallon chamber analysis, and have wrilten these In Two

differeit forms, For the analysls of ftransverse perturbations, we have taken;

2 2 sy /v ‘ ce
7)’7(/5392 & \ﬂj ..Lf.‘: + D svh Xi& + C Yee . < o)
2 - Ve e

whero d%,ﬂﬂ) and CL are ‘tha nozzle admltltance coefflclonts and are complex
functlony of the frequency W , ?nV\, and the nozzle geometry. Thils equallon
states that for a glven nozzle, the perturballons at the nozzla entrance must
boar a certain relatlonship To each othor wlth regard to phase and ampl [Tude

H noutral osclllations are 1o be malntalned for a glven mode and frequency.

For The purely longltudinal case, we have fokon:

e

&

It 1s clear thal when Sah = 0, we are treating the purely longltudinal case

¥Ve = ol Ve & +ﬂn\/e. ¥Ee 12.14
S Yo




i Ry T - S

and Fq. /.00 must roduce o £q. 12,14, For ono=dimonsional flow, the
subscript 2 i« no longor necessary and then we obtain:
HAozednVe 5 O =BaVe A
It 1s of some Interost to conslder The admittancos ®vy and /?r\
in greater dotall. In Reference 6, Tslen has shown that for nozzles which
have a tlnear varlalion of veloclty In thelr subsonlc part, The governing

oquations 15 a non-homogoneous hyporqgoometric differentlal cquation In the

form:
BTAN L 2L do- _ g (24R)

-t 'p 8- g - N D
-«cpée(—- )“f \- B ax 2443 L i

o) 4y ¢

e

A
where \3 2oy 50 fhat at the nozzle entrance kje = ¥ \/(:_ and ﬁ ls a
CAh 2

non=dlmanslonal frequency /& = UU«Rg, which may he related to ithe W of the

chambar which appears In all tho chembor equations, and hence L&Lha will bo
usad as the Independent varlable for all The curves ef the admlttancas,
The retovant condltion to be satlsflod al The nozzle onlrance is
glven by Crocco (Ref. 7) as:
¢, - ¥0e = Y& A%

fn this same reference, o serles solutlion was obtalned for tow frequoncy by

taking:

H]

i) - Ol OGP
’ R

ﬁ/(\(]},(&) 2 ) (\a Yot ('(3‘7)(')(2) - (kﬂ)?"ﬂa’)(‘j)”

however, the serles was cut off after only two terms and tho rosults wore

i

correct o O(L(g ). Since thal reference first appeared, some exact numerlcal

solutlons have been obtalned over a wlde frequoncy range, and dlirect compar|son

shows That 0<vx and /Qy‘nnay be dotermined analytlcally with sufficient




A-24

aceuracy wnen tALf‘a<<).2 by tirsl catcutating an additionat torm in tho

sorian.  When thils is done, thure rosults:

¥V _ ¥- (44 55 S04+ () Loyl e
e g B2 l—t/$ 7 94e) + (i 4 4 e
@, 7 -y - 4e / 2X+1) | jﬁl

”"lé"' o g eete e M—.‘\ loasto + Yelogye (LT %
\ve LET N (?T“)(\"’()C) “,“)(‘9 [1 %’3 +ﬁ %ﬁn] VQ_

+g[|+sfb;9_+/p>§ ..... S Lt D

l~*3<; ¥h) ‘()@) nn ot (1) |—\(je)

4 Y- \o N e e e .
“?()(-H)(I-ve) (ﬁﬁ [‘ c} \3‘")* & e XH Io(w -R ] e ¥ée

2(1- “Ye)

[&]

3

= X Ve -(Z —l—/ﬁ’ \/e §_§_63

For oxample, Taking ¥ = 1.20 and \Je,' 0.10 , we obtaln: .
B = . ]i\ 4 22.%0@(/3 e 6.8’83/2’~j
fon Bl - z.za*obﬁ = |.88.3ﬁ-z]

As stated proviously, all graphs of ply and /?v\ are plotted

A6

it

utilizing bU4qgr as ‘the Indepondent varlable, This quantity Is retated to the
fraquency In the chamber by means of:
4 W et
W w Bl Vg

whero K Is The non-dimenslonal volocity gradlent In the subsonlc portlen of

IThe nozzlao:
by dVF
K o r '“"\
Thus, The smalltor K Is, the tonger ts tho subsonic portlon of The nozzle,

slnce The length of the subsonlc portlon of the nozzle Is glven by:

W ¥ .
)asu«b o= f..\;f‘.\.’.‘. [I o \jl"_;f.l Ve_l A9




A=A

The graphs of \R ,‘!:é and Com Hlkawise plotted versus V\).P,g , hut
In this case, the frequency In the chamber W 15 rolated to LU{R&_ by

N
w = IGEN ¥A
ml.a:‘ vt /\ IO

S ot som—— P e o

W * 2
Kt
since another schome of non=dimonslonallzatlon was utillzed In These

computations,
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APPENDIX B

Dorivation of Injoclor Response

Wo will delermine here Tthe varlallon In mixIing rallo and Injection
valocity as a funcllon of the osclllalling pressure al tho Injeclor face.
This will be done by flrsl considering The frequency response of a singla
feod! Ino and Then solecling The doslired Impingemont paltern to yleld Tho
comblned effect of propollanl and oxidlzor. The rolevanl oquallons for
quasi~ono-dlmensional flow In The feedlIne aco:

? AN 2. * Ak ﬁ)xv t
5{%_((}1 L7 \“‘22% (ﬂ/\ \/ﬂ Q o
’9)@_* ] \//0* Q_E./!i:* = - ’“\"‘* ﬁ-: B2
which are 1he conservation of mass and momentum rospectively, and whera /\*
la The cross=soctlon of the feodline. Tho coordlinate systom |s Indicaled In
Flg, 3.
Upon non-dImenslonalizlng as follows:

V/¢=Yﬁ t = ”‘Z&M{* , -"-..@f /ﬁz:*@‘*

=5 / , ¥ »
b LY e /o 5
A K ¢ ; .
- Z ol |
A R ...../_\.«L } E‘ --"":*" / Co J X
By L /3;‘*'

whero L_‘ s the chamber length, we obtaln:
‘z(f’ﬂAVﬂ) - fg(m) =0 ok
a\/jf_ V, 2Ve op B 2a
ok 4 P 3 2
ot Y xﬁ oF
Introducing small perlurhalions,
Vi(2t) = Vx.(2> ’\“V}L\('&;t) B
PGt = F(2) 4 plet)

1

™
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continulty and mowontum yiotd:

Ji({)ﬂ_/\\r/” . CA(M)-—O B 1

dz T dz
é%: (()”'A\/“‘\ - ;-é(rh‘):o B lc
Qﬂ Ve \ di b 2b

= i de
\ _’5)_11' B 2c

5 ¢ 20 = g 3h
Wo may separate tho varlablos Ly faking:
pl(et) = ¢fz)est
V' (=) = V}(?w)es.t
and thon we oblaln:
j%(/)i/\v]):o B ld

< B o Al T2 )
s+ j{._; (Vﬁ,/] ) = 7 i%..g B 2d

Rofore solving thaso equatlons, lot us briefly conslder the boundary condltlons.

Al the Injoctor face, (2« 0), the steady state pressure and Injectlon

valoc !ty have Thalr ¢ slgn values while the prossure perturbatlon must be the
chanboer prossuro perturbatlion, and The as yel unknown veloclty perturbation
will correapond o an inltlal condillon for The chamber. Because of the
relalively small diametor of conventlonal injoction ports wliih regard To The
roservolr proper, which means thal only a small Ilquid Inortla s Involved,
and betauso of Tthe furthar Ilkellhood of entrapped vapor In the reservolr, It
saems reasonablo to assume That the reservoir pressure Ra Is constant only

a short distance from the port. That 14, The reservolr proper, is an Inflnlte
source of Ilquld and the veloclly vanlishes where the pressure s constant.

Henco, wo may aummarize the boundary condltlons as:

gm0 V(o) = Vg, plo) =1
LR e (o) = ¥, LS
z=2g: ()=o0 ?(hﬁ?& )
»}(a&)=<g WP(2r)= O




Infogirating Lq. 1 2b and applying The boundary conditions, wo obtain:
=5 \ g _—
P = 1+ 5 5//;\/1.0

Eqs. © Ib and B lc yleld:

/?Q/qilg
o fr AN

,gﬁﬂﬂ = coﬂsf = 2 7

V, () Ve
Now Integrating Cq. B 2d from Zp lo 2 = 0, wo obtaln:
SJO V)(%)d% +(° 4 (V) J - = fﬁ di BR
tR LR, V) Kﬁ o
On Introducing £Eq. 3 7, The flrst torm ylolds:
0 0 . /\o ‘
(2)dz = V) A j dz_ _V'o B9
fm l N ) A T T
where L fod% ML‘H aquivalent lengtt 8m
1€ %ﬁ'[ (é)-] 5 dn e alen engin.,

[
Substituting back and solving for V)o , we find:

1 -
")Q - @ B 10

Qor\54ﬁ

i
3
it

9008+.

i
.

K&VX,D(HM)
where the quaniily
o = ~/\m B
Vi Leg.

s a dimensionless charactaristic T1mo of the feediina,

Wo may deflne The Transfor funcllon:

g‘ . égiL . - | B 12
o ¥/ Voo (14 8a)

which, for neuiral osclilations, becomes:
- {ran-'wa,
8(\’4) = o - . B3
5/ Veod v+ w0

And new, TeT us use 'this result In deriving the response of o

Typical bipropeliant injector where we will let the subscripts ox., and f

denote oxidlzer and fuel respectively. |f wa censider an injector of The




R 5

-4

Fype shown in Fig. B2, then the longlltudinal component of Injectlon velocity

183

v}(,o = <_\./ﬂ.o C°5/~)’>ox + (vi?.o 503/3)-@ B 14

whoro we have assumed conservation of The axlal component of momentum during
Impingemont in the steady stale. And for unstoeady flow, under the samo

assumption,

V’Q:,) = {<9(W) Co&ﬁ )cx o+ (9;’»4) CO\S/,')‘F% ‘{{,@S{ B 15

whore we have assumed Fhat Tho fuel and oxidizer ports exporlence The same
Instantaneous chambor pressure,
Proceoding, we lef ¥ denoto tho mixture ratio, then

M = F’T.g.‘["‘ = ..V_..Y:‘.’.‘.’.’."_ = —Viox(”’/uo") g\“"(l'-i' ox= Jdp B 16
m4 me (Ve HE) /u)

whare we have noglocted second order terms and whero /AA m ngr denotes
41

the fractional perturballon In mass flow. Now,

) I \
/‘Ao({) r ‘(_Y_\: 2 fﬂ,\ﬁtvo = ,,\:/_'_?.f.. = .g_(_“:ui)_ %, &S{ B 17 g
Mo fk VZoAcs Vo VAo

and hence substltufing Into Eq. B 16 we oblaln;

(£), =)= [ {1, -(82) et

We may now oblaln a relallon for The fractional perturbation in

Tho Injection rate, Since, éfi
’ oy . | 5 N
Mg = Mo 4 Mg = Mo (1o lox )+ ME (14 U ) |

There follows | —

ha ~
mi | +
and on Introducing Eq. B 17
= o
' \ (w | W £ |
(-@‘-«-) = = “3.__) t () $o8 s !
il /o

/ﬂlox s -“*L“:: = B 19
|

= |
|t Do Jox | e Vjo .(.\ \




B=5
o \
Mo Vie
and wo noto fhat although =—ze= w0 20 o each tood!Ino, wo cannol put
Ma V.Qo
Ea. B 15 into tho same form as Eg. B8 20, since In gonoral <COJ/?> and

(CoS/a £ ero nol equal. Thus
(,v_.@__) : { <9,f“"f°r‘/3>w,fS?)‘w“*""’ﬁ W“ .
Vo (\/;aocos/i ox + (v,egc,os/,i,

Henco the transfer function for The case of a Lipropollant Injoctor |s glven

by .
ﬁi = '\T(w) on B 22

9

whoro

j(wﬁ _ ‘3_(3” Co_fﬁ%", | D(W cod %
(VMCGS/:’ ox (V,eoc.osﬁ),p
Wo may summarize these rosulfs by writing:
|
(";g“‘) s Glw) et
("‘" H (w) @ est b 24
st

B 23

<§

(%), = T(w)te

whero C§1M9, and F{IMU are dofined through fqs, B 18 and B 20, Wo note

that 1f another injoctlon system |s utlllzed, thon the analytlcal form of

the Injoctor response s hovortheless glven by equations of tho form B 24,
One addl+lonal quant ity will be derlved hero, We have statod olse-

whero that wo will assumoe that %:%? = 0, and wo may thorefora ohserve that

oach particlo will retaln Its Inltlal value of hﬂS ) »\QS balng o constant,

This enables us to write:

i ¥ dz!
hys (z,t) = h}l:, (9 )t '@[ZWZ)T/B B 25

Ve (2) - 5 '
Vb )« 0T (-4
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The spacitic anthalpy \V\}Zn af the propellants depends on the

Instantaneous value of +ho mixture ratlo and honce The anthalpy will be larger

or smaller deponding on the mixture roflo which In turn dapends on tho
prossure at tha chamber face, ExpandIng hﬂ In a Taylor serles about |ts

steady state value, we obtain;
dh =

and dofIning

Ao g csnn g

)
Py

B 26
we obtaln i
Ly !
- = 2u]}ﬂ: (—==~ ) B 27
hjb 0 rﬁ 0

Thus Eq. B 25 bocomes:

:' s (28] = 210, [5B[4 0 ()t g o

oY (2

and substituting from Eq, B 24 wo obtaln:

‘ = m o S de
hys(2t) = [ZK%ﬁ@(w)*%(arvl) %:"J(W)Jﬂescf g VLG“')} B 29
g

- M) e 1R 56]

4 which defines M (W),

|
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Appondix ¢

Dorlvation of fquatton |5, |

Wo will bogin by Introducing Eq. 12,15 Into tq. 12.16, and ‘then
softing :L-‘(’z") 2 J

(&) - vm(-e)[

©

+ ¥ § Hiw) = 7.8 (w G(w)}f‘eﬂ'wﬂﬁ') ﬁ_g(e.)o/e‘

post , ’ -
" ¥ Ve cosw - SINW *f"twf [E’E(O)(E')Qosw(!ni“)}of;g‘ el

- w j; [KF(Q)(E') Siww(f»-a')]o(i"

(constant), there follows:

cosw &' L"j(ﬁ')d?‘
dz!

which may be rewr|ttan as

(%)m -*(‘_SIV)W — KZ(;NW g WL(W>
fess
HDlw) 4 Blw)
Whore we have Introducoed the notation
M= ¥ ﬁ H{w) = m § (w G(W)}

L (w) = j' e W) dV(a)de’ . §
Q d%'
P 5

t
EReRcs N ( - ~tuucf)
= XN~
and upon Integration by part

D (w)

o
s

€2
+

H

» 1T may be shown That

u

J' cosw(i-2') coswa' 4V (1) J
) 0!%0

c 4
it (" = I
Ve cojw - wJ dv (21) sinw (1-22)d2
) ) O!e‘\

il




while B(UU) conslots of the terms:

Blw) = w {(6'-‘) J: V(2') cosw! SINW (1=-2Y) da!

. -”_I l T (l _.&.)d%.f%&‘e_ tw T(2") %\Z (av)de
Q ?_“

)(i”)[l = %@(2')‘) smw (1-2")da

i '% fol f(a')smw? smw(l z')dz'
ChH
-y (a1) sinw(i-2Ydz'
o e ‘f‘

Y M(w) Ll ginBi(e) j’g (2) CNW(\«%‘)M'%

The first, fourth and soventh terms may be expanded and +hen combined to

g :7% % wsinW(o'V(a‘)d%'ﬂ(l“K).W [, Ue) sinwfi- 22 )da'
" E LA [eorw - cosw(i-any]dar Cf
It wo now defino: j& mh( J
B ; - J T¢ (2 .
Ale) = -¥T, (2) j’ly I R o
G 0 VQB(aﬁ

then from Eq. 12,12 wo obtain:

%@(ﬁs) = Jlw)e "WTeE) pp) 8

" 9!-( ( ) ( )é(w:&&)[cﬂ(%)_/‘(f)tw
i at-ie).

and
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since

j%‘ “ik-&%) g0, d {‘%‘ dz' |

o
s 4]
—
,5!
ey
n.!
N
i
<!
R ¥
Rl

so that upon Infroducing the notatlon

B.(LA)) = /| /'):p(g_') (‘mSU\J(I—QE')d‘E‘

0 o d"?ﬁ'"
.\7(&‘) sinw (\ -22!) da!

B, (w) = ! siow (1-e)de! [T W B 4T (2 g

Balw)= [ oW g(?“j L it
Bg (w) = Lf Az o "Wl (2 sinw (1-2)de’

Bo (w) = [, Al e T 5y s(-)de!
By (w) = |, A

By (w)

2) oW Tt 2] §a) m.w(,“?_.)dgu

——
y

(%s) = (w’r’-t(%‘)“\a (") sinw (‘ ~2')da!

o
| ﬁ:§j2>

CES

g, C 6 bacomas:

: (L, o

? = wsihw | VEYde' ~(a-¥)w Balw)
Te

/9

—~ coSw ,}% ):ﬁ(e:')o\%.' o+ %’@_- By (w)
and then Eq. C 5 may be wiltton: _‘ |
Rw) = ﬁgg ___'Xwgzw H{w) + Yw® By (w) G(w) (m$
5 Jlw) [”ZWEé(“U\ + "/’Qﬁé(“%’)  Bob)iuBafu) ©
. ng(w)]' oy M{w) ,\3'4(“’) '
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Wo may treat Fq. 12,17 in a stmblar manner,  flrg) substitute

Ba. 1215 Into £q. 12,17 and set T ()= § (constant) |

rosults

(0 e
S L esw o+ 2d Ve sinw
“

e[y LEEORY sinw(i-2) T de:
, I I y
— (W JO [2{ F‘U)(% ) codwii=21) "] o3
which may bo rowr|tfen as:
(%) = cod Wi ol Vi SiAth
. G 2
=, o Gl ST A (W)
whore upon Intogralion by parts, [+ fiay be shown fhal:
iz
Clw) = w |, (e cosurfi- 1) da
and A(W) consists of the torms:

A(W) LAz, i(b’ul)f“' V(i')"covswa‘cmw(, -2 dg!
i W{ COSU\)( )d% j ‘€~l'w.f-¢ ('au) Q!..Sz (E.")o"i&"

OIEH

@5‘-(("1'[ g iﬂﬁe(%‘)]cww(u—a‘)da'

“+ ﬁ’ /’Q ;t' \\'muua‘ COSw(ln.El>o(gi
- LY J‘ \/:Q(%‘) &; %73;(0)(%') cosw(i-2) dz'

W
=(3=¥) fol V(2 ﬂ%_ (E)Smw{i Nde!
SRy fol V(') ‘séhw'&‘sm w'(\~2‘)_d2~‘

2 XM(W) Ll e-tw;ft(a') %th) S 11wy (t«i‘)d{i‘i(

Thon we obtaln ‘l"ho
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The §lrat, fourth and seventh terms may bo expanded and then combined to

ylold: : ;
. ,;gA = W Cod j" V(i‘)d'.’t‘ 2 X)UJ} V(%)COSW(\-Z'E‘)(“E
: + ’;{f‘sv(i ) [ shhw = sinw(i-22)]d2! il
And, upon Introducing the notatfon:
/M(M . f /L )sinw (1 -22')dz
Honitit ; a e '2" -LW’Z:(;("I’.") 0“7 10'%‘
Ar(w) L cosw(l .E)ol-% L e oTé-‘(E)
Az (w) = j‘ V(%\) C.OSUU(I-Q%‘)O\%'
FR e Tt )
T e D
As(w)= f'/\(a')p“‘*’m ) cosw (1- 2)da! |
Ao s [ AG)e ™ BE 2 cosun (129 e
A.;{ (w):: j‘l A %\) em(WTi’(i‘.‘) \7(%1) g\iﬂ‘W(I“'ﬂ"»‘)cfa_
i As .(.L;;)f; ,g'" JAR®) e"fw:l'"f (2!) -\Z& (2) cosw (! -21) dg!
_ B ' £ |
Ed. C 17 bacomes:
By = weosw [ T(2)de' - (-v)wAs(w) 1

)

whlle Eq. ¢ I8 may be wr ltten:

Alw %\ wh‘w/\ w) ) H{w) 4 YWHA, (W) & (w) (M
+ J(W) [*’?-WA*;(W )+ Lk A(o(w') = (3=¥) (w Aq (w) C 20
“CAe(w) ] - yw M) Aqfw)

At this polnt, we may Insert £qs. C 2, C 14 and 10,32 Into Fq. 12,14 and

+ JQ mm«:f{f ?Jda - é&A,(w)
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whoro

hy, = ¥ Gw )[w By (w) - wl w)%« 1 Ve 0 WA, (w w) G (w)

o G2
ha = =¥ Ve oln C(w) — ¥ Diw) |
C.22 '
|
and T
ha = ve D(V\(COSW +{}e:simu)
+ Ve o ( i $A - ZYUUAZ(W)H‘(\U) S J‘(W)I:-ZWAS(W) ; ‘
=k AeW) - (3-9)iwAqw) -iA p(w)] - VWM(w)A“w}}. |
¥ Vo for { BENGY 0 o V. |
/j (%) + LSMw  + ¥Ve cosw r ,
E B’Hw)L(w) - 35+ ywB(W)H(w) = 1

[ZWBS +L4€ Bo(w) o (3-¥)iw By (w)
“CBp(w) ] - yw M(W)B4 (w) -






